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Physics. — “Contributions lo the study of liquid erystals. Ill. Melting 
and congelation-phenomena with para-azowy-anisol.’ By Dr. 
w. J. H. Morv and Prof. L. $. Ornsteın. (Communicated 
by Prof. W. H. Junivs). 


(Gommunicated in the meeting of September 29, 1917). 


In our second paper on the extinetion of liquid erystals we observed, 
that among others with para-azoxy-anisol there is, with regard to 
the extinetion, a difference between the liquid erystalline condition 
which arises by melting the solid erystals (“exsolid”) and that which 
arises in cooling the isotropie liquid (“exliquid”). Where with 
para-azoxy-anisol we had stated the existence of two solid phases, 
the question Jay at hand whether in exsolid and exliquid we had 
perhaps got two different liquid erystalline phases. To make this 
out a research after the exact position of the points of transition 
was desirable. 


Method of Research. 

There we made use of a kind of radiation calorimeter, which is 
schematically represented in figure1. 
The substance to be examined (about 
1 e.m.’) half filled a gold beaker 
M with tbin walls, against which 
on the exterior on the one side a 
brass wire, on the othera constantane 
wire hasbeen soldered. The two wires 
form a thermoelement, by the help 
of which the temperature of the 
beaker and its contents is measured !) 
and serve at the same time to hang 
it within a brass eylinder. This 


) Before we came to this way of fixing up the “thermobeaker”, we had followed 
the usual method for our determination of the temperature, i.e we lad placed a 
thermometer and later on a thermoelement within the substance to be melted. Then 
a number of “Schmutzeffecte”’ were produced, which on close investigation had to 


be aseribed to convection eurrents. Our method is of course quite free from this 
disturbance. 
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cylinder is closed by a cork at the top and one at the bottom and, 
that it, may be heated electrically, it is provided with a layer of isolated 
wire. The whole stands on a little table under a glass, which only 
allows of passage to the wires of the heating-eurrent W and those 
of the thermocurrent T. t 

The research consisted in the determination of the temperature- 
time curve with a constant heating current. If this heating current 
is closed, the temperature first rises quickly, then more slowly and 
asymptotically approaches a limit value. If now (also before the 
limit-temperature is reached) the heating current is weakened and 
then kept constant, the temperature first falls rapidly, then more 
slowly till a second lower limiting temperature is reached. 

When within the temperature-region in observation the substance in 
the beaker melts, congelates, or in general undergoes some change 
of phase, this will be observable on the 7*7 eurve. So during the 
supply of heat to the beaker the melting will appear as a sharp 
twist in the ascending branch. The place of the twist indicates the 
melting-temperature and that with a much higher degree of accuracy, 
than would even be possible with a measuring of the temperature 
within the substance. 

The second contact place of the thermo-element was in melting 
ice during the time of observation. The thermo-eurrent was measured 
by a quiek-indicating galvanometer of Morn. To keep the deviations 
within bounds the thermoforce was first for the greater part com- 
pensated with the help of a constant current-source and a shunt, 
and besides the sensitiveness of the galvanometer was strongly 
reduced. 

The deviations of the galvanometer were registered and the 7-1 
eurves thus photographed. The figures 2—6 are reduced repro- 
ducetions .of our original photos. The figures put underneath give in 
an arbitrary measure {he temporal value of the heating-current. 

An abseisslength of 8 em. corresponds to a quarter of an hour. 

The dotted line indicates the same temperature of about 118° in 
the different figures. 


Discussion of the Results. 


Fig. 2. The two ascending branches fully agree and at A the 
first point of transition shows itself sharply, i.e. the melting point 
of the solid substance. This temperature, which amounts to about 118°, 


‘we have always chosen as point of departure. The strong oscillations 
er 
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of temperature at B are without importance for our investigation 


and may be left apart'). 


&r..130-) E-iemenennen bonn 130-2 


Fig. 2. 


The second point of transition is difficult to observe in the ascending 
branch on account of its steepness, in the descending branch it 
appears more clearly at 3. Further we observe in the descending 
branch a strong undercooling to far below 100° and then a sudden 
development of heat and congelation. The highest temperature reached 
in this process (13°,5 below the zero-line) is the point where a very 
unstable solid phase congeals, which we shall call phase II (phase I 
has the melting point at about 118°), and which after a short time 
spontaneously and under the development of heat passes into another 


*.-90On-+-nmnnn. 


Fig. 3. 


!) They have their cause in the fact that the volume of para azoxy-anisol 
changes considerably in melting. The internal sidewall of the beaker gets for this 
reason detached from its contents and can temporarily rise to a higher temperature, 
so that a drop, dripping from the solid centre, again occasions a sudden falling 
of the temperature. 


240 5 5 
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phase. Probably directly into phase I, for at a supply of heat the 


same melting point of about 118° shows itself. 


Fig. 3. After the same initial development as in the case represented 
by fig. 2 the same deep undereooling is again followed by the 
appearance of the solid phase II. But now we have to take care 
that immediately after this phase arises, heat is supplied by streng- 
thening the heating-current, and that to such value that phase II is 
melted but thearising liquid erystalline phase remains undercooled. Whilst 
at E its temperature has become constant, we have, in order to 
hasten the process of congalation, reduced the heating-current, and 
in result of this the temperature has scarcely fallen a few degrees 
before under the development of heat the liquid erystalline substance 
congeals and now at a temperature of 2° below the zero-line. We 
call this new condition solid phase Ill. 

Fig. 4 also gives the origin of phase Ill from the undercooled 


Fig. 4. 
liquid erystalline phase. The heating-current during the preceding cooling 
was chosen in such a way that the formation of phase II was excluded. 
Fig. 5 gives once again the origin of plate III with the exelusion 
of phase II. But where the undercooled liquid erystalline phase in fig. 4 


30 


20° 
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Fig. 5. 
was ex-liquid, we have taken it exsolid in fig. 9. Besides this figure 
also gives the melting of phase III and there the remarkable pheno- 
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menon presents itself, that phase III melts at a temperature which 
we know as the melting point of phase I. Thus it is shown thatin 
this way phase III, during its formation, gradually passed into phase 1. 

Fig. 6 is reproduced as it allows of stnudying the second point 
of transition. At F ex-solid, at @ ex-liquid pass into the isotropie 


Geernen innen ansehe oennnnr banenn. Bi Czeeren NO4-- un? ern 110-0 een 106-2 


Fig. 6. 
phase under the absorption of heat, A gives the phenomenon of 
transition while heat is developed and the three transitions F' Gy 
and H happen really at the same temperature. 


CONCLUSION. 


Whilst thus, as far as the situation of the points of transition is 
concerned, we have found no indieation of a difference between 
exsolid and exliquid with para-azoxy-anisol, we have discovered 
several phases in the solid condition of aggregation in our investigation. 
Beside the three phases which we have distinguished as I, Il and III, 
there certainly still exists a fourth ‘), with a melting-point of about ' 
108°. It seems that this phase, which during this investigation never 
once showed itself, can only exist in capillary layers (between glass). 

This short, more or less schematic summing up of the most 
striking facts, which present themselves in an investigation of the 
melting- and congelation phenomena of para-azoxy-anisol, must 
sufficee, however interesting a eloser examination of this substance 
and perhaps of other substances according to the method indieated 
may be from a standpoint of phase-theory, for our interest is greater 
for problems of a different nature. 

Physical Laboratory, Institute for Theoretical Physies. 

Utrecht, September 1917. 


1) Gf. our second contribution. Verslag Kon. Acad. v. Wetensch. AXV, p. 1114; 
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Physios. — “Contributions to the study of liquid erystals. IV. A 
thermie Effect of the Magnetic Field”. By Dr. W.J. H. Morı. 
and Prof. L. S. Ornstein. (Communicated by Prof. W. H. 
JuLius). 


(Communicated in the meeting of March 23, 1918). 


The fact that the particles of liquid erystalline substances are directed 
by a magnetic field, justifies the question whether perhaps the 
action of the field, may entirely or partially manifest itself as heat. 
We shall in this paper develop the results of an investigation into 
this matter. 

We made use of an arrangement for this investigation, which in 
the main points is the same as that described in our previous 
paper ') on the subject. The p-azoxy-anisol was again heated in a little 
gold beaker, being within a little oven which was hented by elec- 
trieity. But our little oven had to serve in this case as thermostat, 
and above all it was necessary, that the temperature inside of the 
oven was as far as possible equal everywhere, so that a temperature 
gradient within the substance to be investigated would be exeluded. 
Instead of our original, very primitive little oven we fitted up as 
such a-brass tube 10 em. long and 2 cm. wide, provided along 
pretty well the whole length with a single widening of their manganin 
wire, closed off at the bottom by a brass plate, at the top by a 
brass serew-stopper, in which only a narrow opening {0 leave pas- 
sage to the thermo-element. To present a current of air along the 
heating-wire, the latter was wrapped up in chenille, and closely 
around this there was a double brass mantle, through which water 
eireulated of the temperature of the room. 

This arrangement was put (with the axis of the little oven in a 
vertical direction) between the poles of a Dubois-magnet, and its 
(horizontal) field may be looked upon as homogeneous at the place 
of the beaker. The magnet could be turned round a vertical axis. 

The eleetromotive force of the thermo-element was almost fully 
compensated, the changes arising were registered by photography. 

In our investigation as to whether the connection of the magnetic 
field. has a thermie effect, we arrived in the beginning at results, 


I) Compare the foregoing paper. 
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apparently in contradietion to each other; until at last with the 
help of a thermo-element of a peculiar structure we have come to 
understand the phenomena which dominate the effect. 

In fig. 1 this thermo-element is represented, as it is 
hung within the gold beaker 5. (The wall of the little 
beaker must be thought transparent). D is attached by 
two pins 5 to the screw-stopper of the little oven; D 
are two wires twisted together, brass and constantane, 
7/ which, are soldered by their ends to a thin plate of 
| li g Silver-plate Z (5x7 mm., 0,02 mm. thick), which is 
il immersed for somewhat more than half in the p-azoxy- 

Fig. 1: - 'anısol. 

With the help of this thermo-element we have indeed been able 
to state the thermie effect, but learned to distinguish between the 
effect of a transversal field (with the lines of force perpendiecular 
to the silver-plate) and of a longitudinal field (with the force-lines 
// the silver-plate). 


| 
| 
| | 
| 
I 


TRANSV. 
TRANSV, 


LONGIT. 


Fig. 2 


Fig. 2 may make this elear; a curve, taken by photography, 
is represented. At A a transversal field is eonneeted with the 
result that the temperature of the silver-plate rises slowly; 
15 sec. later at B the field is broken up and a still slower 
cooling of the plate is the result; 15 sec. later, at (/ (before the 
temperature has as yet regained the original value) the transversal 
field is put on for the second time; 15 sec. later at D it is again 
broken up; and at last 15 sec. later a longitudinal field is put on 
at E and this causes a quicker reaching of the thermostat temperature. 
A new connection of the longitudinal field remains without effect‘). 


The prineipal conelusion from our experiments is this, that the 


effect observed must have its origin in the immediate vieinity of 


ii); It need hardly be mentioned, that in the isotropie phase the connection and 
disconnection of the magnetic field offers a thermie effect. 


«15 GRAAD--CELSIUS* 
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the metal wall, and that within the liquid erystalline matter a 
magnetic field offers no thermie effect or only a very slight one. 
For then. the effect of a transversal and a longitudinal field would 
have to be equal. 

Where the influence of a. magnetic field means in the end the direction 
of the more or less stretehed particles of the liquid erystalline substance 
we come to the conclusion that against this directing there is only 
important resistance to-be overcome near the wall. 

Now we have accepted an action of the wall for the explanation of 
some extincetion phenomena '), and that in such a way that the wall 
directs the particles parallel to itself. The resistance which is to be 
overcome for a transversal field is quite in accordance with this 
way of seeing the question. 

Then as regards the nature of this resistance, we might imagine 
it to be of elastie origin; the particles would then get another 
form at the cross-action of field against wall (heating), and return 
at the disappearance of the field again elastically to their original 
form (cooling), in which proces the longitudinal field hastens this 
return. 


Conclusion. 

With para-azoxy-anisol the thermoeffect of a magnetic field is 
investigated with the help of a thermo-element of peculiar structure. 

The investigation shows that an effect is only apparent at the 
wall of the thermo-element, which effect probably has its origin 
in the .elastie change of form of liquid erystalline particles. 


Ütrecht, Febr. 1918. 
Physical Laboratory, Institute 
for Theoretical Physies. 


!) See our first and second papers. 


Mathematics. — “The primitwe Divisor of a*—1.” By J. G. 
VAN DER ÜorPpuT. (Communicated by Prof. J. ©. Kıuyvar). 


(Communicated in the meeting of September 29, 1917). 


This paper is an extension of the article of Prof. J. ©. Kıuyver: 
“The primitiwe Divisor of «"—1.” (These Proceedings, Vol. XIX, 
page 785. 

2ris 


Definition 1. If k be a positive integer, the product I(x—e# ), 


extended over all the values # of a reduced rest-system, modulo %, 
is called the primitive divisor Frl) of &*—1. 
Definition 2. If k be a positive integer, 9 — y(k) represents the 
number of positive integers < %k, which are prime to &. 
Proposition 1. If k be a positive integer, then the primitive 
divisor of @°—-1 is a polynome of the degree y. 


Definition 3. The numbers A,(34>Z0) are defined by the 


relation 
Pete) 53 A,a, 
ı—=0 
k being an arbitrary positive integer. 

Definition 4. In the functions y, (n,k) of the variable integer n 
(k being a positive integer), which are called the arithmetical characters 
of n, modulo k, » represents an arbitrary integer, prime to X. 

The functions y,(n,k) and %(n,k) are identical or different, according 
as a. and » are mutually congruent or incongruent, modulo X. 
Hence it follows, that there are ‘p different arithmetical characters 
%(n,k), modulo k and these functions possess the following properties: 

l. %m,k) %,(n,k) = x,(mn,k). 

I m,k) = wln,k) f m=n (mod. h). 

II. The modulus of y,(n,k) is equal to O or 1, according as n 
and & are commensurable or incommensurable. 

IV! nk) is equal "ior0 ori, according as n and k are com- 
mensurable or incommensurable. 


V. %-1[n,k) is equal to the symbol (4) of LEGENDRE. 
Ira: 


a FE nn ann 


mo. woran 


263 


f 
vn. Zum, k)=0, if v=izl (mod. k). 


n—1 

VII. (6%) RW (nk), 
if k be equal to the product of the two incommensurable integers 
Brand» %.: 

Definition 5. y(n,k) and y,(n,k) are two conjugale functions: 
they are, therefore, identical, if _%,(n,k) is real and they are conjugate 
imaginary, if x,(n,k) is an imaginary function. 

Proposition 2. 4,(n,k) is an arithmetical character of n, modulo %. 

Proof. Each function of n, satisfying the conditions 4.1, IT and III, 
is an arithmetical character of n, modulo A. 

Definition 6. The functions «a,{n,k) of the variable integer n, 
(v and %& being ineommensurable numbers) are defined by the relation 


k ar imn ar ım 


I y,(m,k)ek —a,(n,k) > (m, k)e k 


mi m=1 
Proposition 3. If & be the product of the two incommensurable 


numbers %, and %k,, each of which is prime to the integer », then 
we shall have 


a, (n, k,) a, (n, k,) = a, (n, k). 
Proof. In the expression 


arlınn = Irimzı 2rilmykotmgkı)n 
ee )e k Zy,(m,..k) » = 255 53 (mE) y(m.k,)e . * 
mı—1 mg—1 my —1 ma=1 
Berem #22. ..Aandm1,2,3,..., k,. We may make 


m,k, + m,k, eongruent to m (mod. k) and k2m21. Then we 
have m—=1,2,3,...%k and 


% (m, k) = x, (m, k,) % (m, k,) (according to 4, VII) 
— 4, (m ka k,) % (m;k,, k,) (according to 4, 11) 


— Yu (by; kı) % (kr k) Wr mir kr) X (mu k,) (according to 4, D. 
Consequently 


Zrinun 7, Zrimgn Fa Zrimn 
Yu (hy, k,) % (kyr k,) & lm, ,k,)e Fı SS % (m,,k,)e bh o-_ =» (m,k)e ® 
ml in m 
and (make n—=1) 
arm, eg Irrıng De = 
% rk) (k,, k,) En (m, ,‚k,)e & > 7, (m,,k,)e % ao X (m, k) e 
m—1 m—| mM 


The first two factors occurring in these formulae, are according 


to 4,III nöt equal to zero, because k, and Ak, are incommen- 
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surable. If the last two formulae be divided one by the other, we 
shall obtain, according to definition 6 
a, (k,, N) ay(k, 2:0, (kb, 2)» 

Proposition 4. If the following conditions are satisfied : 

k, and k, are two squareless incommensurable numbers and their 
product is equal to &, 

n is an arbitrary integer and » an arbitrary number, prime to %, 

D, is the @. ©. D. of v—1, k and %,, 

D, is the G. C. D. of v—I, n and %,, 

D is the @. ©. D. of v—1, n. and %, 


then we have 
k, k, k 
u(D,)p(D,)% ( 5) u(D,) yD,) % (" 5) zu (2) Y(D)% ( 5): 
Proof. D, and D, are incommensurable, because 4, and %, are 
incommensurable. The numbers D, and D,, therefore also D, D,, 
are divisors of Dand Disa divisor of D,D, ; consequently D)D,—=D. 
Hence it follows 
u(D,) «D,)=u(D), 
Y(D,) YD,)=Y(D) 


k) es k 
Y N, D, Y» n, D, Zu N, D , 


according to 4, VII. 
Proposition 5. If » be an integer, prime to the positive integer 
k and the integers n and n’ satisfy the relation nn’ =1 (mod. k), 


and 


then we shall have 4, (n,k) =, (n’,k). 
Proof. From the relation nn’ = 1 (mod. k) it follows that n and 


n are prime to % and according to definition 5 and 4, III 4,(n,k) 


and x,(n,k) are two conjugate functions with modulus 1. 
Consequently 


ve (nl) (m, k)—1. 
Moreover we have, according to 4. I, II, and VI, 


Yu, k) vn, )=ym,)—=y(,)=1, 
hence 


%(n, k) = %,(n'. h). 
Proposition 6. If k be a squareless number, prime to v» and D 
represents the @. (Ü. D. of v—1, n and k, then we have 


0 (nk) = u(D)p(D) x, ( 2) 
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Proof I. k is a prime number. 
e). k is a divisor of v—1 and n; consequentiy D=k. 


k 
u(D)p(D)% (" 5) = (—1)(k— 1)y,(n, 1) 
= —(k— 1), according to 4. IV, 


2rimn IE 
> (m, k) e aD | 
m—1 ml 
and 
2rım Ei anim 
elemerı, 
m—1 m] 


consequent)y, according to definition 6, 


a,(nk)=— (k—-1)=u(D)v(D)y% (" 5) : 


ß). If k be a divisor of n and not of v—1, we shall have 


DT, 
k t . 
e|9 5)=% (n,k)—=0, (according to 4, II), 
2rimn % 
>. wim,k)ek& = > „(m,k) 
mi m=1 
==, (according to 4 VID, 
consequently 
a,f2; k) —=d, 


so that now both members of the sought relation are equal to zero. 

y). Let k be no divisor of n, so that we may make 

nn’ = | (mod. k), mn = m! (mod. k), kZm' 21. 
According to proposition 5 
Kr (n, k) = % (m, k), 
consequently 
4.0, hg (m h) = % (m), h) u (mh). — 9 (mol, k) = 4, (m, R), 

because 


mn’ = mnn' = m (mod. k). 
Hence it follows 
2rimn Inim’ 
> „(mk)ek =ylm H), = ale k)e#, 
m—I 
consequently 


k 
u, )=ym,k)=u(D)y(D)% (" 5) h 


because D=1. 
II. k is tbe produet of two different prime factors. Takek—=k, k, 
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(k, and k, are two different prime numbers). According to I we have 


k, 
a, (n,k)=u(D)y(D)% (r 2) 
D, 


k 
ln DIE E ( 2): 


D, being the G. ©. D. of v—1, n and %,; 
D, being the G. ©. D. of v—1, n and 4.. 
If these two formulae are multiplied, we shall obtain 


k 
a, (n, k) = u(D) y(D) % (r 5) 


according to the propositions 3 and 4. | 

III. & is the product of three or four different prime factors. 

Take % equal to the product of the two ineommensurable numbers 
k, and k,, each of which is equal to a prime number or to the 
product of two different prime numbers. The proof is given in the 
same way as in.lI. etc. 

Proposition 7. If k be a squareless number, prime to the integer 
v and Dr, represents the G. ©. D. of v—1,n +) and %k, then 
the in definition 3 defined coefficients A, satisfy ihe relation 


& k | 
= 4, u (Da+3) y (Da+)) Y ( n- ), —D, | 
I=( Dip 


whatever be the value of the integers n and ». 
Proof. | 


2rinn 9 Zriim 
e(m)ek ZAMek —0 


el) 


’ 


for, if m and k have a common factor, % (m, k)—=0 according to 
' 2 rim 

4, III and if m is prime to k,e k& is a primitive root of the equation 

”%—1=0, i.e. a root of the equation 


? 
F.ae)= 32 AR —0, 
Ni) 


so that then the last factor is equal to zero. Hence 


LU rımn Arııım 
= 24, (im, kyerkin gr E 
 m=l =) 
4 Be , 2rim (n+4-2) 
==8 AAFy(mkhe K , 
De) m=1 
consequently 
9 . k Er 2 | 
N SER u (Da+:) p (Dr) Y ( En 1) | =.%,. m, k)e k ’ | 
il) 23 m—1 ‘ | j 


according to definition 6 and proposition 6. 
% 


u U f, 
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The last factor is not equal to zero, for then the sum 


2rimn 2rım 


= % (mie ® —u(D,) y(D,) x (" 5 )2 Zu mder 


m=1 


m=1 
would be equal to zero f n=1,2,3,...,%, that is the equation 


De 
=) yyolm,.k) 28 =) 
nl 


2Arnın 


would possess the root zero and % different roots e # , and this is 


impossible, since the coefficients x, (m, k) are not identically equal 
to zero, according to 4, Ili. 
Er we conclude 


k 
SA, D, 1) 2), 2) Yo > AU 
u(Dar3) p ( + ("+ —) 


I 


Proposition 8. If k be squareless, then we have 


3 A, u (D’a+5) ZN Ds A N, 


= 


D'„+x; being the G. hr D. of n+? and &. In this formula n may 
be any integer number whatever. 
(This formula is to be found in the above mentioned artiele of 


Prof. J. C. Kıuvver). 
Proof. Make in proposition 7 v»—=1; then we shall have 


Di — Doti 


k k 
a et in Ba l, 
% ("+2 v5) & (" 7 “ Se) 


— have no common factor, 


Nu en. 


and 


according to 4, IV, since n + 4 and 


because k is squareless. 
Hence it follows 


= A, Du) Dh) 9, 
Proposition 9. IF = be an odd squareless Eben then we have 


2 
>> A, (= )=0 


(=) being the symbol of Legendre. In this formula n may be 


any integer whatever. (This formula is also to be found in the article 
of Prof. J. C. Kıuvvar). 


D} 
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Proof. Make in proposition 7” »—=— 1: then we have D,p —=1, 
sine v—1=-—-2 and % is odd. 
Hence 


[ (D+)) — ul) —1, 
y (Dp)=el)=1, 


k +4 


according to 4, V. Uonsequently 


? j 
Dede )=- 0. 
)—=0 k 


Definition 7. If k be an integer > 2, the coeflicients B, and C) 


(75230) are defined by the relation 


2rie 
nl er )= : 5, RZ 
and 
? 


2rır 2 
le IR 


13 )—0 


in which the products are extended over all the values o and r of 


a reduced rest-system, modulo %, for which ()=+1 and 


Proposition 10. If k be an odd squareless number, we have 
. & 


20 


if we make 
k ER k 
Di — S = 1a (k—1)? 


k ! A “T a 
ae bi ) Di) — (5) DAR YKk, 


D; being the @. ©. D. of A and &. In these formulae n may be 
any integer whatever. 


and 


Proof. D', is greater than 1, it (*) =(, according to 4, IV, 


consequently 


a 1A DEE 0 22 ZU 22 


269 


d/k d/D 


Zu) 3 ud) 0 ir E- E 
d/m RI 


2nım 


y 
If oe the equation 2 Bra —0Ohas a root ek ‚ hence 


z 2rımı + 
SB 0 202 
ı—0 
Consequently 


= 2 2rımÄ 
1 +2) = EBek Zug, 
’I= d|k 
d|m 


for the third, second or first factor is equal to zero, according as 


m\. 
©) is equal to 0,1 or —1. 


Hence 
k 2rimn x > Zrımi 
En =. Zen h noir SBek > u(d—=0, 
m—1 k/\,=o d|k 
d|m 
Ns: 2 
k 2rrımn 2 2rimi 
Se ze BrehkvZ.:uld) 
m—1 20) d|k 
d|m 
9 k Bripint)) 
2 Ba: 
—ı > Di 2 ld De A (make m = god) 
I=0 dk Be 
ie =, 
2 k d 2rip(n+)) k 
Pen Zu( )E- d. (make 7=i) 
ei) d’|k d' il d 
d' ul) 
Because the sum Ze € is equal to d’ or 0, according as (n—+-2) 
ci 
is divisible or not by d’, we have 
ea 
2 k 
SPP «(5)-4 
i=0 d|k d 
d’| (ni) 
2 : k D4i 3 
Since k is squareless, —— and SE have no common factor, 30 


nt 


k k De | k Dot 
SE a is equal to G} nn . More- 
al u = u es d': ) | u D a d 


over we have 
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Dr 
= «( — )@= —=y4(Dar)) 


d/Dur 
consequently 
;u 
EB k Dh f 
s=ZBu(z ) ( e )? 
I=0 n+2/ d! Da 
2 
2 k nn 
N «( rip n+)- 
N Dr 


m i 
If on and k have a common factor, (5)=° and in the other 


case we shall have 
= «)=ul)=l, 


dm 
hence 
m m 
Be r) 
GER & 
dim 
and 
f : 
E 2rımn 1 a 2rımi 
Se (Far k &u(d) 
mi k Sı—0 d|k 
Im 
p 
7 k . 2nım 2rim (n+A ) 
ee (# ). ALER 
=) m—1 
- 
en (7 RI 
N] k 
according to the theorema of Gauss. Hence we conclude 
© 
k 
0: +S= 28 u ins Jer4+( E)ona-ır zZ 
I=0 
2 
2 
ZISIDIIT: 
I—=0 


By changing the symbols of Legendre every where into their use 
values, we find in the same way the relation 
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Physios. “On the Evaporation from a Circular Surface of a Liquid”. 
By Dr. H. C. BurGer (Communicated by Prof. W.H. Junus). 


(Gommunicated in the meeting of December 29, 1917.) 


In a publication : recently published Miss N. Tnomas and Dr. A. 
FERGUson') communicate observations concerning the evaporation 
from eircular water surfaces. These observations are made under 
different cirecumstances viz. in a dark, very quiet room, in a lighted 
room and in the open air. It appeared, that in every case the 
quantity of water evaporated in unit time, might be represented by: 


E=Km, 


in which r is the radius of the water surface and K and n are 
constants that, except on the external eircumstances, also depend 
upon the distance of the surface of the liquid and the rim of the 
basin in which this is contained. Now while, as the writers remark, 
usually in the literature the opinion is found, that the evaporation 
is proportional to the area of the surface, i.e. that n —= 2, it was 
shown by their experiments that this exponent was always between 
1 and 2. Now Srtkran *) has treated the evaporation from a cireular 
surface of a liquid, supposing that the vapour diffuses in the space 
above the plane in which the level of the liquid lies, while at 
the liquid the eoncentration of the vapour is a constant. 

The result of the computation is, that the speed of evaporation is 
proportional to the radius of the surface. So it is apparent that in 
the experiments of Tuomas and Fersuson the conditions that STEFAN 
supposes in treating the problem, are not fulfilled. 

As I have already been engaged for some time upon the theoretical 
and experimental treatment of the diffusion in a tlowing liquid *), 
it was of importance to ingquire whether my results agreed with 
the above mentioned investigations. For this purpose we must extra- 
polate the values of the exponent n for the case that the surface of 
the liquid is on a level with the rim of the basin. When this is 


1) Phil. Mag. XXXIV p. 308, 1917. 

2) Wied. Ann. XVII p. 550, 1882. 

3) My principal purpose in this is to investigale whether the solution at the 
surface of the erystal is saturated or if perhaps, when the solving takes place 
sufficiently rapidly, an undersaturalion arises. 
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not the case it hardly seems possible to apply the mathematical 
analysis to the problem. 

For the three cases the extrapolated exponent is resp. 1.4, 1.5 & 
16 and 1.65. In the last case, in which we are most certain that 
the air above the liquid is in continuous movement, n proves to 
agree quite sufficiently with the theoretical value '/, = 1.67, which 
will be deduced hereafter, so that therefore in this case we may be 
sure, that the air-currents effect the evaporation. In experiments 
in more quiet air, the values of n approach the value n—1 more 
elosely, which value is found by STEFAN. 

In the following sections we will give a theorelical treatment of 
the diffusion in a flowing gas. As the evaporation from an arbi- 
trarily formed surface is easily deduced from that of a rectangular 
one, we firstly choose this last shape, We imagine the space above 
the plane z=0 filled with a flowing gas, while the plane z2= 0 
itself is formed by a fixed wall, of which a part consists of a surface 
of the liquid. Let this part have the'shape of a rectangle with its 
sides parallel to the axes of « and y, situated at positive y and 
bounded by the axis of x. Further we will choose the veloeity of 
the gas to be parallel to the axis of y and to be proportional to 2, 
s0 vy= az. As namely the gas at the plane z=0 through external 
friction must have a velocity equal to zero, we may put: 


Uy — 02 TA ET ee 


and we may neglect the second and following terms of this series 
when as will generally be the case, the vapour is concentrated in 
a thin layer above the plane z=(. 

When we put c for the concentration of the vapour and D for 
the coöffieient of diffusion then, as is easily seen, c fulfills the altered 
equation of diffusion : 

dc h 
FE er RL Yu hun Fir ie 

Further we suppose that c at the surface of the liquid fulfills the 

boundary condition : 


!) The last term in the second member may be explained in this way: In the 
element of volume dx dy dz flows through the element of surface dy dz an amount 


0 
ofvapour : cvx dy dzinward and | cvx 3, | dy dz outward. By compuling 


these amounts also for the axes of y and z, we get for the total amount that 
flows outward div (cv) dx dy dz, when v is the velocity, considered as a vector. 
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es= 0%) 
in which C is the concentration of the saturated vapour. 


Now we will suppose that the state is stationary, i. e. that = ==) 


ot 
Then c satisfies the equation: 
O0 dc 
IRRE — a2 
e& Fady I EA ee a vn 


while „ev,= 0 and o, — a2. In this equation we will further take 
0°c 
—.=0. Of course this is only approximately true for the values 


dw? 
of x that concern points within the reetangle. For points beside the 


rectangle c will be very small only when Be is small with res- 


[44 
pect to the dimensions of the reetangle, which we will always suppose. 
So we will treat the problem as a twodimensional one, i.e. as if 


the rectangle has an infinite breadth in the direction of X?). Sowe 
2 


will neglect N 
0? 


Finally we .remark that a being large, consequently D — may 
1 


dc 
be neglected with respect to az 32 One might object to this when 
y 


c is zero or very small, but then is c=( or at least then c is 


approximately a constant, so all terms of the differential equation 
0°c 

are zero or very small, and so it will be allowed to omit That 
Yy 


D 2 may not be neglected, notwithstanding the small factor D, 


is caused by the fact that the evaporated substance will be concen- 

f) 0°c 
(rated in a thin layer, so that c varies rapidly with 2; „ad dt 
j £4 £ 


therefore are large. 
After these simplifieations the differential equation for c becomes: 


2 u 
a a a aan MEAN 
02? D 0y 

As, in consequence of a sufficiently rapid stream, & diffusion 


ı) When by the rapid evaporation 'an undersaturation arises, this will probably 


be proportional to the speed of evaporation. 
3) Experiments with erystals that solve in a flowing liquid, have confirmed this 


supposition. 
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against the stream is impossible, we suppose with regard to the fact 
{hat the arriving gas is free from vapour that e = 0 for y= U. For 
the same reason we may further assume that the surface of the 
liquid extends fom y=0 bo y—=®, while for arbitrary y the 
concentration will not be influenced by the presence of liquid at 
the boundary 2= 0 at greater values of y. As was already said we 
take for z—=0 the boundary-condition c= (, while for z=® c 
of course must be zero. 

Problems of this kind may be solved in a general way by making 
the range in which 2 may vary finite, further by eonstructing & 
solution with the aid of a series of proper functions, and finally by 
eoing to the limit, whereby the range is made infinite. I hope to 
explain this method at length in my dissertation; here however it 
may suffice to give a much simpler treatment, because the purpose 
is only to find how the quantity of liquid evaporated in unit time 
depends upon the length of the rectangle, i.e. upon %. 

When we introduce in (Ill) as a new variable: 


a 
EG D ’ 
this equation assumes the form: 
0° de 
do == S dy . . F . . . . . (11Ia) 


The boundary conditions of c are here: 
ee Toren 
ee end 
GSM = Bl: 


The solution of the transformed equation will not contain a or 
D, because these quantities oceur neither in the differential equation 
nor in the boundary conditions. 

Therefore is: 


rm e »): 


The quantity of the liquid that evaporates in unit time from the 
part of the surface between y—=0 and y is found by eomputing 
the quantity of substance that flows through a plane perpendicular 
Io the axis of y. As the velocity of the gas is az, the quantity of 
vapour that flows in unit time through a unit surface perpendicular | 
{to the axis of y, is azc; so the total mass of vapour that flows 
away per unit breadth in the direction of x, amounts to: 


vw. % 


vn. 
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0 


When now intr ain S=2W , thi 
we introduce again =} D this quantity becomes: 


RR 
2=..(# re y)d&=ahkD%Rw(y) . . (IVa) 
0 


We may transform (III) also by putting: 


D 
a 
a 
Then we get the equation: 
Beyer srl 
ee ei 


To this belong the boundary conditions: 
Pe a 1) a N) 
(0 „ A 
== AR EREH* 


Here again the solution will be independent of a and D viz.: 


Br=hle; »=s(a,.): 


From this we find: 


R 5 D D 
I arede=a (ejlay)e=arlr)  £LJ6) 
a a 
0 


0 

When now we compare the found values of E, (1Vb) proves to 
agree ‘with (IVa) only when: 

F(p)=A.p, 

where A is a constant. So # becomes: 
ya DH; 
ah 

Ot this result the fact that in the first place interests us is that 
E proves to be proportional to y’s. | 

To deduce from the aequired result what # becomes for a surface 
of an arbitrary shape we imagine that this surface is divided into 
narrow strips with the long, sides parallel to the axis of y i.e. to 
the eurrent. As the breadth of these strips may not be taken too 
small when we wish to apply the acquired results, but on the other 
hand may not be too broad when we want to consider them as. 


E=a.4 — Aalh D’ls y*h. 2) 
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reetangles, it proves that the eircumference of the surface of the 
liquid may not be too irregular and also that the linear dimensions 


: D 
of this surface may not be too small with respect to V—. 
2 a 


Then however for each of these rectangles # is proportional to 
the breadth and to the ?/,? power of the length. The total value of 
E is found by integrating over‘ the whole surface, and it is easily 
seen that this quantity for conform figures is proportional to the 
°/,@ power of the linear dimensions, of which this exponent °/, as 
it were refers to the length and °/, to the breadth. 

As ali eircles are conform it is proved by this-that the evapora- 
tion from a cireular surface of a liquid is proportional to the °/,rd 
power of the radius as is also found by Miss Tnomas and Dr. 
Fereuson, when the circumstances were in agreement with those 
that are used at the theoretical treatment given above. 

The theory that is given here I have found confirmed by expe- 
riments of the solving of erystals in a flowing liquid, which will 
be treated in my dissertation. The quantity of the solved substance 
proved t0 be proportional to the '/, power of the veloeity of the 
liquid, with the breadth and with the */,”@ power of the length. 

Institute for theoretical Physics. 

Utrecht, December 1917. 
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Anatomy. — “On the topographical relations of the Orbits in 
infantile and adult skulls in man and apes”. By Prof. L. Bor. 


(Communicated in the meeting of March 23, 1918). 


In the Proceedings of this Academy of 1909 two papers by the 
present author were published, dealing with the position, shifting 
and the inclination of the Foramen magnum in the Primates. In 
these papers it was shown that the topographical relations of this 
Foramen in the infantile skulls of the Primates and more parti- 
eularly with the Anthropomorphous apes present only small deviations 
from those in the human skull. It is only in their subsequent growth 
that a difference between the development in man and the Primates 
becomes apparent. Tlıis difference comes in the main to this that 
in man the original topograhical relations, such as are found in 
the infantile skull, are permanent, the skull retaining infantile 
characteristics; in the remaining Primates, on the other hand, and 
especially in the Anthropoid apes, these juvenile conditions are 
replaced by others. The chief phenomenon, which may be 
briefly stated afreslı here, is that in infantile skulls of man and 
anthropoid apes the foramen magnum lies in the middle of the 
cranial base, and during growth is shifted backwards over a longer 
or shorter distance in the direction of the oceipital pole of the 
cranium, while in man it remains situated in the anterior half of 
the eranial base. It is diffieult to reconcile this result of my investi- 
gations with the conception, often met with in literature, that the 
more oceipital position, as found in these apes, would be the 
original one, so that it would be in man that a forward shifting 
would take place. Now of such a forward displacement, presumed 
on theoretical grounds, nothing appears during individual development 
in man. On the contrary. From about the eighth year, i.e. in 
conjunction with the commencement of the loss of the milk-teeth, 
also in man a slight backward shifting is stated, which is not of 
much significance, however. So the characteristie difference between 
the human and anthropoid skulls is that-in the former infantile, 
not to say foetal, characteristics are retained. While the infantile 
skulls of man and anthropoid apes thus show a great similarity in 
this respect, the adult skulls grow dissimilar, and it is not the 


278 


human but the antropoid skull which deviates more and more from 
its original shape. 

The object of the following communication is to draw the attention 
{o an analogous phenomenon in an entirely different part of {he 
skull, namely in the orbital region, and regarding more particularly 
the following question: what are the topographical relations of the 
orbits in infantile and adult skulls of Primates? The answer to this 
question gives an insight into the phenomena of growth in this 
border-region between the cerebral and facial skull. These are well 
fitted to give a definite shape to our conception abont the morpho- 
genetic relation between the human and anthropoid skull. In this 

communication the main points 

only will be stated, the more 
extensive paper will be published 
elsewhere. For the present 
purpose the best starting-point 
is a form in which the differ- 
. ences in topography between 
the infantile and adult skull 
are as large as possible, their 
character thus being clearly 
revealed.. The Gorilla skull 
| serves this purpose well. 
| We shall mainly deal with the topographical relation of the orbits 
in regard to the cranial cavity. The easiest way of surveying this 


Fig. 1. 


CE u te en 


audi 20 52 


279 


is by means of horizontal sections, passing through the middle of 
the orbits. In fig. 1 such a section is sketehed through the skull of 
a young Gorilla child, in fig. 2 through that of an adult male individual. 

In the lateral wall of the orbit in the infantile skull two parts 
may be distinguished, an anterior one which borders the orbit 
outwardly and forms the free outer wall of the orbit, and a posterior 
one forming a partition between the orbit and the fossa media of 
the eranial cavity. Between these two parts the lateral wall of the 
cerebral cranium is connected with the lateral wall of the orbit. 


This arrangement implies that the cranial cavity partly extends 


laterally of the orbit, in other words that this cavity partly enters 
into the Cavum cranii, so that there exists a common partition-wall 
between the Cavum orbitae and the Cavum cranii. Upwards in the 
direction of the roof of the orbit this partition-wall between the 
two cavities becomes larger, as the cranial wall frontally more and 
more joins the supra-orbital ridge. The free exterior wall thus 
becomes smaller and is entirely lacking near the roof of the orbit 
in the youthful Gorilla skull, as the cranial wall is attached to the 
orbital roof along the supra-orbital arch. Thus the whole orbital 


roof has become the partition between this cavity and the Cavum 


eranii. This means that in the infantile Gorilla the orbits lie entirely 
under the cranial cavity. 
How is this in the adult skull ? | 

It appears from fig. 2 that now on the lateral wall of the orbit 
the just-deseribed two parts can no longer be distinguished; the 
posterior intracranial part has disappeared, since tbe lateral wall of 
the skull is attached as far backward as possible to the lateral wall 
of the orbit. The whole lateral wall has become an outer wall. 
From a topographical viewpoint this means that the orbit no longer 
enters into the eranial cavity, but has come to lie before it. This 
conelusion is econfirmed by a closer examination of the orbital roof. 


"In the infantile skull the frontal wall of the cranial cavity is 


atiached to the orbital roof alung the eircumference of the orbit, 
which means that the whole roof of the orbit forms a partition 
between the cranial and orbital cavities and does not form a free 
exterior wall. In the adult individual, on the other hand, the eranial 
roof is altached to the orbital roof very much towards the back, 
as is seen from fig. 3, representing a sagittal section through the 
orbit of an adult Gorilla. The roof of the orbit has here for the 
greater part become a free exterior wall. 

From this short comparison it already appears that the topogra- 
pbieal relations of the orbit with regard to the cranial cavity are 
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very different in the young and the adult Gorilla. This difference 
may be briefly summarised as follows: in the young individual the 
orbit for the Be part enters into the Cavum cranü, in the adult 
individual it lies before the eranial 
cavity. So there is a forward dis- 
placement during growth, caused by 
lengthening of the orbitin a forward 
direetion only. By the aid of figs. 
1 and 2 this can easily be proved 
if the Septum orbitale is particularly 


tion passes exactly above the Lamina 

eribrosa, i.e. through the anter- 

ior extreme part of the cranial 
Fig. 3. cavity. 

In the septum orbitale of the infantile skull three parts may be 
distinguished, a middle one, formed by tbe Lamina cribosa, an 
anterior and a porterior part. Also in the adult skull these three 
parts are visible in spite of the pneumatising. Comparison now shows 
that the lengthening of the septum is almost entirely brought about 
by the increase in length of that part of it which lies before the 
lamina cribrosa. One has only to compare the dotted lines in the 
two figures, indicating the plane through the anterior edge of the 


Lamina cribrosa. These lines are also serviceable for gaining an 


insight into the forward shifting, resulting from this mode of growth. 
In the small young skull almost the whole of the orbital cavity 
lies behind this line, in the adult skull only the posterior part. 

Thus the growth of the skull of Gorilla has an evident influence 
on the position of tlıe orbits with regard to the eranial cavity. That 
this is accompanied by a considerable change in the shape of the 
orbital cavity, is also ‚perceived by comparing figure 1 and 2. In 
the adult skull the posterior part of the orbit has been drawn out 
in the shape of a funnel or canal. 

The change of position of the orbit caused by growth can be 
illustrated in a simple manner by projeeting the outlines of this 
cavity on the median plane, which is easily done by means of the 
well-known Martin pantograph. Fig. 4 shows such a projection taken 
from the skull of a Gorilla child in which the tooth- -change had 
commenced (tlıe medial incisors have been changed; fig. 5 a similar 
projeetion of the skull ofan adult man’). The eranial base is partly, the 


)) Fig. 5 is on a smaller scale tlıan fig. 4. 


kept in view. In both figures the sec- 
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. SMITS and C. A. LOBRY DE BRUYN: “On the Periodie Passivity of Iron. II”. 


LATE 1. | PLATE I. 
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Fig. 4a. Iron en 5.3 em. long of a diameter of 3 mm. not sealed in. Solution 
as in the experiment in fig. 1. Potential measured 1.5 cm. from the bottc m. 
Current Br ity 38—43 milli-ampere/cm®. 1 period 2.7 seconds. ns 


Fis. 1. Sealed-in iron electrode 1.5 cm. long, of a diameter of 3 mm. Solution 
contains per Liter 0.72 Sr. mol. FeSO, + 0.014 $r. mol. FeCl,. Potential 
measured halfway the heisht. Current density 23—33 milli-ampere/cm?®. 

1 period 6.15 seconds. Difference ofthe extreme values 42 1.7 Volt. 
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Fig. 5. Iron electrode , 3.1 cm. long of a diam. Fig. 5a. Electrode sol 0) 
. Potential measured arrangement siph ‘) 1 fo ar pote 


# Fig. 2. Electrode, solution and arrangement siphon for potentia', measure- 0 
3 ment as in experiment in fig. 1. Current density 25- . milli- halfway the height. Qurrent density 30—34 measurement as = ig fi£. .e sc | 
milli-amp£re/cm?. 1} period 2.2 seconds. density 28—32 milli-ampere/c 


ampere/cm?. 1 period 7.8 seconds. ; a 


j } 
F 8 3. Electrode 1.4 cm. long, of a diameter of 3 mm., not sealedi ia, solution Fig. 6. Electrode and) solution as in he I pa te entia m meası rei 
Current density 47-535 . mill -ar 


as in the experiment in fig. 1. Potential measured at the bo'tom ofthe | liquid level. 2 
electrode. Current density 32—36 milli-ampere/cm?. 1 period 5.25 sec. 5 3.65 seconds. \ Be 


En 9 Be Tee 


E lectrode 5.1 cm. long of a diameter of 3 mm., not. ealed in. 
n as in the experiment in fig. 1. Potential measuted 1 mm. e N 
om. Current Bentiiy 22 milli-ampere’c ! ! period | 


ie 


At 


Enz 


EDEN 


na 2 0 20 7. 2 Zu 


281 


outline of the eranial cavity entirely indicated. Position and direetion 
of the lamina cribosa are also shown. To the transformation of the 
eranial cavity during growth, chiefly eonsisting in a flattening 


Fig. 5. 


attention may be passingly drawn. These figures require little 
explanation, the change in the topographical relation of the orbits 
with regard to the eranial cavity is seen at a glance. It should only 
be pointed out that the shifting of the orbits quite before the eranial 
cavity must be regarded as the direet cause of the origin of the 
very strong bony. ridge characterising the anterior part of the cerebral 
skull of Gorilla. -This bone-ridge is, as also appears from fig. 3, 
nothing but the necessary upward enclosure of the orbital cavity, 
the newly-grown roof of this cavity. Without this bone-ridge the 
orbit would lack an upper bony enclosure. 

Before proceeding to a description of the conditions in man, we 
shall briefly sketeh those in the two other anthropoids by means of 
a few projection figures. Figures 6 and 7 refer to a young Orang 
still in possession of its complete milk-dentition, and to an adult 
individual of this genus. More strongly still than was the case with 
Gorilla the topographical change of the orbits with regard to the 
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cranial cavity appears in these -two individuals. This is mainly the 
result of the eircumstance that the little skull of the Orang ehild 
was so much younger‘ than that of the Gorilla child. With this 


very young ‘Örang the orbit is still entirely enelosed by the eranial 
cavity, the whole roof of the orbit is here still the floor of the 
anterior cranial cavity. In the adult Orang the orbit has come much 
more forward. So here also a considerable forward shifting has taken 
place. In orang this was not accompanied by the formation of a 
ridge as in Gorilla, firstly because the orbits and in particular their 
roof did not advance so far before the cranial cavity, and secondly 
because the anterior cranial wall.in Orang had thiekened evenly. 

The changes in the topographical relations with Chimpanzee 
appears when we compare figures 8 and 9. With this genus the 
forward shifting is smaller again than with Orang, although still 
considerable. The projection in fig. 8 has been taken from a little 
skull with complete milk-dentition, that of fig. 9 from an adult skull. 


Lu 
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From this short summary it appears that the three anthropoids 
agree in this that as the result of certain phenomena of growth the 
topographical relation of the orbits with regard to the eranial cavity 


uud 


. 


Fig. 9. 


is altered. The chief change is that in the infantile antropoid ape 
the orbits lie under the eranial cavity, in the adult individual more 
in front of it. This is most strongly seen in Gorilla, where almost 
the whole orbit lies before the eranial cavity. The sagittal sections 
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through the orbit in fig. 10 (Chimpanzee) and fig. 11 (Orang) when 
compared with those of fig. 3 (Gorilla) show this difference in 
shifting with the three Anthropoids very distinetly. 

What is now observed in man? We refer in the first place to 
figs. 12 and 13. In 12 a horizontal section is given through 
the orbits of a new-born infant, in 13 through the orbits ofan adult 
individual. In both figures a dotted line indicates as before the frontal 
plane passing through the anterior edge of the lamina cribrosa, i.e, 


througli the anterior border of the cranial cavity. When therefore 
we wish to answer the question whether the orbits are also in man 
shifted during growth, and, if the answer is affirmative, to what 
extent this happens, we have only to compare the position of the 
orbits in both figures with regard to this line. It then appears that 
there is no evidence of such a shifting. For in the infantile as well 
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as in the adult skull nearly the whole orbit lies behind this line. 
As to the topography of the orbits with regard to the cranial cavity, 
in man no change is observed during growth, such as was found 
with the Anthropoids. We come to the same conelusion when com- 
paring the anatomy of the lateral wall of the orbits in the two figures. 
When dealing with_the Gorilla skulls it was pointed out that in 
the infantile skull two parts could be distinguished in this wall, an 
intraeranial part, partitioning the orbital and eranial cavities, and 
an anterior part, bordering the orbit outwardly. Between these two 
parts the cranial wall joins the orbital wall. In the adult Gorilla 
the intracranial part has disappeared, the cranial wall is attached 
to the posterior part of the orbital' wall. 

In man nothing appears of these altered anatomical relations. As 
well in the young as in the adult skull the intracranial part is found, 
which means that in the adult as well as in the infantile skull the 
posterior part of the lateral wall of the orbit has remained a parti- 
tion between this and the eranial cavity. In man the orbital cavity 
always enters into the cranial cavity, which is moreover proved by 
the fact that the frontal wall of the eranial cavity is attached along 
the anterior border of the roof of the orbital cavity, as: well in 
infantile as in adult skulls. 

Thus in regard to the phenomena of growth in the orbital region 
of the skull there is a very noticeable difference between man on 
one side and the Anthropoids on the other. This difference is that 
in man infantile topographical relations remain permanent. In their 
juvenile stage these relations are the same in man as in the antro- 
poid apes. While in these latter they are replaced by other relations, 
however, so that the adult skull becomes very unlike the infantile 
one, the human skull retains its infantile cranial characteristies. As 
has been stated in the beginning of this paper, the same holds good 
for the Foramen magnum. From this ensues that when we compare 
the human aud anthropoid skull those of the anthropoid apes may 
not be considered as primitive forms from which the human skull 


should be derived. 


I 
Proceedings Royal Acad. Amsterdam. Vol. XXI. 


Mathematics. — “Null-Systems in the Plane’. By Prof. Jan 
DE VRIES. 


(Communicated in the meeting of January 26, 1918). 


1. In a null-system N(«, ß) a group of a straight lines n passing 
through a point N is associated to that point; to a straight line n 
belongs a group of 3 points N Iying on n. A point is called 
singular, when it is null-point of o null-rays; a straight line is 
called singular if it has @ null-points. 

The null-systems, for which « or ?is equal to 1 (linear null-systems) 
are characterized by the fact that they always bave singular null- 
points if «1, always show singular null-raysif 3—=1. Considerations 
concerning the case e—1 are to be found in my papers “On plane 
Linear Null-Systems” (These Proceedings vol. XV, page 1165) and 
“Lineare ebene Nullverwandtschaften” (Bull. de l’Acad. des Slaves 
du Sud de Zagreb, July 1917, Auszug aus der im Rad. Bd. 215, 
8. 122 veröffentlichten Abhandlung). 

That a non-linear null-system does not necessarily possess singular 
elements, appears among others from the consideration of the null-system 
N, 3n—6) formed by the points of infleetion and their tangents 
appearing in a general net of curves of order n'). Only for n=3 
we have in general a group of 21 singular null-rays, viz. the 
straight parts of the, binodal figures. 


2. Let us suppose that a Wa, ß) possesses o singular points S, 
which are singular null-points on each ray drawn through them, 
and o, singular points S,, which replace two null-points on each 
ray’). We furtlier suppose that there are 5 singular rays s and 
5, singular rays s„; the latter are characterized by the fact that 
they represent two coineiding null-rays for each of their points. 

If the straight line n is caused to revolve round the point P, 
the 3 null-points N describe a curve (P) of order (@a-+ ß), which 
has an a-fold point in P. 

Analogously the null-rays n, which have a null-point N on the 

I) See my paper “Two null-systems determined by a net of cubics” (These 
Proceedings vol. XIX, page 1124). 

?) In the linear null-system formed by the tangents and their points of contact 
of a peneil (cr) the base-points are singular points S,, the nodes singular points $. 
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straight line p, envelop a curve (p) of class (@a + ß), of which p is 
a P-fold tangent. 

Through a point S pass («+ ß) tangenis of (p); from this it is 
evident that the null-points on the rays of the pencil S form a 
eurve (S)*t?. Now, S is always one of the null-points, so that an 
arbitrary ray of the pencil bears only (8—1) points N outside 8. 
Consequently (S)*t? has an (a 1)-fold point in S. 

Analogously we find that (s)«+z has the straight line s as (?+1)- 
fold tangent, while a straight line s, is a (®+2)-fold tangent of 
the curve (sy)e+2- 


3. The curve (Pet? is of class (ae + P) (e + — 1) — a(a—1). 
Through / pass therefore (2« + 8) (?—1) more tangents, which 
touch it elsewhere. To them belong evidently the straight lines PS,, 
as S, represents two coinciding null-points. Consequently the null- 
rays bearing a double null-point envelop a eurve of class (2« + 8) 
etc, 

The complete enveloping figure contains moreover the 0% class- 
points Sy. 

It is of course possible that ıhe enveloped curve breaks up. This 
e.g. happens with ‘the null-system that arises if each tangent. of a 
peneil (c") is associated to the (n—2) points, in which it moreover 
interseets the c* (satellite points of the point of contact). 

We have to distinguish then between the envelope of the 
stationary tangents, which each bear one double null-point, and the 
envelope of the bitangents, which each contain two double null- 
points. The eurve (P) is now the so-called satellite-curve '). 

In a similar way we find: The locus of the points N, ‚for which 
two of the null-rays n have coincided is a curve of order («a + 2P) 


“(a — 1) —- 6,. 


4. The eurves (p)atz and (q).+z have the « null-rays of the 
point pg in common. To the remaining common tangents the singular 
rays sand s, evidently belong ?). There are therefore (a +B)—a--0— 0% 
rays n, a null-point N of which lies on p, another null-point N’ on q. 

This number has another meaning yet. If N describes the straight 


1) Of. my paper “On linear systems of algebraic plane curves” (These Pro- 
ceedings vol. VII, page 712) or “Faisceaux de courbes planes” (Archives Teyler, 
serie II, t. XI, p. 101). 

2) if $=1, (PM and (g) have, besides the « null-rays of 2gq, only singular rays 
in common; consequently we have o+ O4 =at+ta+]: The tangents and points 
of contact of a tangential pencil provide an example of this. 


19* 
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line p, the remaining null-points N’ of the null-rays n borne by 
N will deseribe a eurve (N ’),. Its order is evidently equal to the 
number of rays n, which have a null-point on p and another ong. 

Let us now consider the points that (N’), has in common with ». 

Each of the £ null-points of p is associated to each of the remaining 
(8#—1) null-points, and therefore is a (”—1)-fold point of the curve 
(N). The remaining points N’ Iying on p are evidently double 
null-points on one of the null-rays determined by them. Hence: 

The locus of the double null-points is a curve (N,) of order 
a? + 2a3—u + B—0-0,, 

The consideration of the curves (P) and (Q) produces analogously : 

The double null-rays envelop a curve (n,) of the class ®?—+ 28 + 

+ a—B— 0—0y. . 
5. By means of an arbitrary conie g* another null-system may 
be derived from a given null-system. Let N be one of the null- 
points of the ray n, N * the intersection of n with the polar line 
of N with regard to g?. A new null-system arises now if on each 
straight line n the null-points N are replaced by the corresponding 
points N*'). The number ß$ remains intact. In order to find what 
« passes into, we observe that the null-rays n of the new null- 
point N* must have one of their old null-points N on the polar 
line p of N*. The null-rays n of the points of p envelop the eurve 
(P)«+s. On each of the (@ +) tangents which it sends through N * 
is N * one of the new null-points. I 

By the harmonical transformation N (a,Bß) is therefore transformed 
into a R* («+ BB). 

If N lies on 9° while one of its null rays touches at 9, N * 
becomes an arbitrary point of n, and n a singular straight line of N *. 

In order to determine the number of these singular rays, we 
associate to each tangent n of Y? the ß tangents p, which meet n 
in its ß null-points N. 

The envelop (p)«+s determined by p has evidently 2 («+ ß) 
fangents in common with 9@*. Besides the straight line p, which, 
as ß-fold tangent of the envelope (p), replaces ß common tangents, 
(2a +) rays n are associated to p. The correspondence between 
p and n has 2(«@ + ß) ‚coineidences; on %? lie therefore 2(@ + 8) 
points N, of which one of the rays n touches at p*. In other words 
N* (a+B,B) has a + 8) singular rays more than Na,ß). 


!) The “harmonical” transformation dually corresponding to this I applied 
formerly to a N,B) (vide “Plane Linear Null-Systems’) 
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By the dual transformation NR (e,ß) passes into a N* (a,« + ß), 
which has 2 (@ +) singular points more than N. 


6. The harmonical ‘transformation may be replaced by a more 
general transformation in the following way. 

The polar eurve = of a point N with regard to a given curve 
D”+1 intersects the null-ray n in m points N*, which we shall 
consider as new null-points of n. In the new null-system N* each 
straight line has then mß null-points N*. 

As N* lies on the polar curve a” of N, N belongs to the polar 
line » of N* with regard to D”+1. Now (a-+P) tangents of the 
curve (p) pass through N*; they are the null-rays of N* for N#. 
l.e. New) is transformed into a N*(a+P,mP) by the new 
trans formation. 

In opposition to the harmonical transformation this transformation 
produces no new singular straight lines. 


7. If we write e=1, ß=1, mn =2, we find from a bilinear 
null-system a N*(2, 2) for which the three singular straight lines of 
N(l,1) are also singular. 

We may indicate the bilinear null-system by 

Des etsns—eh: m 25,5 
and the curve 2* by 
2 +2, +2,’ 4+30,0,,—\. 
The polar curve of (y) is then expressed by 
Yı (z +8, ,) an Ya («, +® 2) +9; (« +@, a,) = 0. 
For the null-system R (2, 2) we have therefore 
55 ltr) + 55: (+ ©, 0) — 25,5, +0) = 0 


Ä (1) 
Te IE Fe 5,0, —=0 
In order to find the equation of the curve (P)' we have to com- 
bine these two equations with 


Pı 5, 225 +9,59. 
Elimination of &; then produces for (P) 
(P1%; — P,2,) (Pr%ı Be P.%;) (8° ai v,%,) 4 (Pı%, yT Pa%;) (Ps®ı = Pı%,) 
(a, + 2,0,) — 2 (pı@, — Pa%,) (Pıts — P,%,) (&” + %,8,) = 0, 

The equations (1) determine the two null-points of the straight 
line (8) as intersections of (s) with a eonie. As a condition for the 
coineidence of the two null-points we find after some reduction the 
equation 


= es (Fe FO Fa Er RE = = a =? 3 fe: >.) —45,' B —47 
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It shows that the rays that bear two- coinciding null-points, 
envelop a curve of the 6!" class. 

From this it ensues that the curve (/?)' has no other singularities 


outside the node P. 
Combination of (1) with the equation 
70 +8, +7,9,= 0 


produces for the eurve (p), by elimination of x the equation 
I r (7, Pe Tz 8) (m, 5 Fr 1, &,)] 3 5s T 


fr 
0} 


Ir; 3 2 RyE 
T5 &,) (", 5, — Er 85] & 


I, 5, art So): = (7, 5, 
2 (m, & 9, Er 5 7, &,) + (m, ,—% 5.7] 5, &- 
This is always satisfied by &= 0, & = 0. This was to be expected 
as the straight lines O,0,, 0,0,, 0,0, must be singular rays. 


Mathematies,. — “Cubic involutions of the first class’. By Prof. 
JAN DE VrıEs. 


(Communicated in the meeting of February 23, 1918). 


1. By the “class” of an involution in the plane we understand 
the number of pairs of points on an arbitrary line. In a paper 
printed in volume XVL’), I have proved that the cubic involutions 
of the first class may be reduced to six prineipal species provided 
that it be supposed that there are no collinear triplets. 

I will prove now that these involutions, with a few exceptions, 
may be determined by nets of cubics. 

Let a net [c’] be given with sie base-points Cz. All c" that yet 
pass through a point X, form a peneil (c?), have therefore still two 
points X’ and X" in common, which form with A a group of an 
involution /,. On an arbitrary straight line [c’] determines a cubie 
involution /?, of the second rank; the neutral pair consists of two . 
basepoints X’, X", consequently is /, an involution of the first 
class”). 

To [c?] belongs the y’z, which has a nodal point in (x. If A is 
chosen on this nodal y’., one of the points X', X" comes in (rk; 
so CO; is a singular point that forms groups of the /, with the pairs 
of an /, lying on the singular curve y'z. Each of the two points 
of y’. Iying in Ok, belongs to a pair of the /,; from this it ensues 
that the pairs of this /, are Iying on the tangenis of a conie 
(curve of imwolution of the 1,). 

To [e?] belongs also the figure formed by the conie y,’, which 
eontains the points C,, C,, C,, C,, ©, and a certain straight line c,, 
on which C, lies. As [c*] determines on c, the pairs X,X’ of an 
I, ce, is a singular straight line. 

The involution I, has therefore six singular points and six singular 
straight lines. 

The points X’’, which complete the pairs of the /, Iying on 
c, into triplets of the /,, lie evidently on y?,. Let 7’ be the 
projection of X’ on c,, out of a fixed point of y?,; there exists a 
relation (2,1) between Y’’ and X, so that Y’’ coincides three times 


1) “Oubic involutions in the plane”. These Proceedings XVI, 974—987. 
2) If therays XX, XX” are associated to each point X, a null-system N (2,2) arises. 
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with X. From this it ensues that the rays AA’’ envelop a curve 
of the third elass, which evidentiy has (, as bitangent. The 
straight lines »—= X’X’’, which are indicated by the triplets of the 
I, forn the tripleis of an involution of rays i,. For this involution 
t00, cx is singular, as it belongs to @' groups; the straight lines 
x',x'’ form an i,, for which yr’ is the curve of involution. 


2. When a point X describes the straight line p, the rays «', «", 
which eonneet X with X",X', envelop a curve (p), of the fourth 
class, which has p as bitangent. The curves (p), and (g), have 
16 tangents in common; to {hem belong the rays «', =", which emanate 
from X=pg, and the six singular straight lines cz. There are conse- 
quently 8 straight lines =", for which X lies on p, and X’ on g. 
In other words, if X describes the straight line p, X’ and X" desceribe 
a curve p®. The latter intersects p in the first place in the pair of 
the /, lying on p, and further in six points A), which have each 
coineided with a point X’, consequently are coincidences of the /,. 
The coincidences of the I, form therefore a curve of the swth 
order, y°. 

If two base-points of a pencil meet in a point B, there isa curve 
that has a nodal point in B. So y® is at the same time eurve of 
Jacosı for the net [c’|, has consequentiy nodal points in the six 
base-points C;. In each of these points it has the tangents in common 
with the nodal curve y’z. Outside the points €’ the lines y° and y’ı 
have only two more points in common; they are the coineidences 
of the involution (A, X) Iying on y?r. 

The curve (p) is of order 10, is therefore eüt by p in 6 points.. 
For each of these intersections X, a" coincides with «', consequently 
X’ with X”. The locus of the “branch points”, the “com plementary 
curve” is consequently also a curve of the sixth order, x*. It has 
nodal points in the singular points Cr, because yz;' bears two coin- 
cidences. The curves y’ and x° have besides the 6 points (’ more- 
over 12 points in common, they are united in pairs into triple points 
of the /7,. So there are in /, six groups, in which the three points 
are united in one point. 

The above mentioned curve p* has a triple point in (Cr, because 
y«’ has three points X in common with p, for which X’’ lies every 
time in Cu. 

The pairs of the /,, which are collinear with an arbitrary point P, 
lie on a curve (Pt, which passes twice through P and contains the 
Singular points C'). So p* and (P)' have in 0 18 points in common; 


) For Cx this curve consists of yx3 and the siraight line OR. 
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the intersections X of p with (P)' supply further 4 common 
points X’. The remaining 10 points which they have moreover in 
common form 5 pairs A’, X’, of which the line of connection x 
passes through 7°. In’ other words, if A desceribes a straight line, « 
envelops a rational curve of the jifth class. 


3. Let us now consider the case that three base-points B,, B,, B, 
of a [c’] lie on a straight line a, while the remaining three, C\,, C,, C,, 
have been chosen arbitrarily. 

To the net belongs a pencil, each curve of which consists of the 
straight line «a and a conie that passes Ihrough U\,,(,, 0, and a 
certain point A. These conies determine an /, on a, the pairs of 
which are completed by A into groups of the /,. So A isa singular 
point, a a singular straight line. 

To the singular points C,,C,, ©, the nodal eurves y;' are again 
associated as before; to the singular points B,, B,, b, now belong 
curves ß°x, which pass through the points Ü and A. Bach 3%* forms, 
as is known, with a the net-curve that has a node in Br. 

On the pair of lines AC,, (0, C, [c’] determines a system of 
groups of the /,, a point of which lies every time on (, C,, so that 
AC, contains an /, of pairs X, X’. The three straight lines cr = AG 
are therefore singular, they form with the singular straight line «a 
the curve (P)* of the point A (see $ 2). 

For Cr. (P)' eonsists of yg° and cr, for Br of. Br’, a and a singular 
straight line dx. There are consequently seven singular points (A, Bi, Cr) 
and seven singular straight lines (a, br, Cn). 

The straight line « is component part of the Jacobian, the curve 
of coincidences is now a y’ that passes through the three points 5 
and has nodes in the three points C. 

The eurves (p), and (y), have now only 7 tangents ©’, in common, 
whieh connect a point X of p with a point X’ of q. In connection 
with this p® is now replaced by a p', which passes three times 
through (7, twice through Bi. 

Between the points X of p and the points X*, which are every 
time produced by the interseetion of « on p, a correspondence exists, 
each eoineidence of which is at the same time a coineidence of the 
I,; hence x envelops a curve of the fourth class, when X describes 
a straight line. 


4. Let us now suppose that one of the six base-points of |c?] is 
collinear with the base-points 2, B,*, and with the base-points 
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B,, B,*; let this base-point be -indieated by A,, while the sixth base- 
point will be indicated by €. 

Now [c?] contains a threeside formed by ,=4A,B,B,*a,=4A,B,B,* 
and a straight line a, which contains C' and forms with y’ the 
eurve (P)' of C. The singular straight line a, bears an /,, of which 
the pairs are completed into groups of the /, by A.. 

To a, belongs again (as in $ 3) a peneil of conies, the curves of 
which are completed by a, into figures c’. This (c?) has as base- 
points B,, B,*, C and a point A,, wbich is singular, because it 
forms groups of /, with the pairs of the /,, which (ec?) produces 
by the intersection with a,. Analogously there is a singular point A, 
to which an /, belongs placed on a,. 

To the peneil (c?), which is associated to a,, belongs the figure 
formed by a,=B,B,*, and the straight line CA,; the latter is 
therefore identical with the third straight line a, of the threeside 
mentioned above. Analogously a, and a, form one of the conies 
that are associated to a,. From this we conclude that the singular 
points (6,4, and A, are collinear, and lie on the singular straight 
line a.. 

To the penecil associated to a, belongs also the pair of lines UB,, 
A,B,*; on the second of these lines the net determines an /? or 
pairs (X, A”), which are each completed into triplets by a point of 
CB,. So the lines A,B,*, A,B,, A,B,* and A,B, are singular ; we 
may indicate them by 5,*, b,, 5*,, b,. 

Finally there is moreover a singular straight line c, which passes 
through C and forms with the threeside «,a,a, the eurve (PVeolE 
C. It contains an /, of pairs X, X’, which are every time base- 
points of pencils out of [c?]. If we now take two arbitrary fixed 
points M and M’, and if we associate the two c’, which each of 
the peneils in question sends through M and M’, two (c’) are on 
account of this made projective. As any two homologous c* interseet 
each other in three points of c, and the two pencils have a curve 
c’, in common, the figure produced by them consists of c,*, the 
line c, and a conie y?; the latter therefore is the locus of the point X". 

Summarizing we find that this /, has eight singular points and 
eight singular straight lines. 

Its coimeidences lie on a y*‘, which passes through the points B 
and twice through C. 

In an analogous way, as in $ 3, it appears that X envelops a 
curve of the third elass, when X deseribes a straight line. 


5. Let us now suppose that the base-points B,, B,, B, are respec- 
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tively Iying on the sides A, A,, A, A,, 4,4, of the triangle which 
has the base-points A, as vertices. 

In the same way as with the preceding /,, there belongs to the 
straight line a*= 4A,A,B, a (c’), the base of which consists of 
A, B, BD, and a certain point A,*, which is again singular and 
belongs to an /, Iying on a,*. Analogously there are moreover two 
other singular points, A,* and A,*, which are related to involutions 
I, on a,* and a,*. It appears now from the consideration of the 
threeside formed by a,*,a,* and by the straight line ,, which must 
pass through B,, that a, contains the points A,* and A*, (see $ 4). 

Evidently the singular straight lines a,, @,, a, belong respectively 
to the singular points A,, 4,, 4;: 

The nine singular points are now placed in such a way, that 
each point B7. is the intersection of the lines a; and a,*; the triangles 
4A,A,A, and A,*A,*A,* are consequently eircumseribed to the points 
BEB.DS 

Besides the six singular straight lines a,, ax* there are moreover 
‚Ihree singular straight lines dk= ArAr*. For, on {he pair of lines 
A,A,*, B,B, [e*] determines groups of the /,, of which every time 
one point-lies on B,B,, while the other two form a pair on Dr 

The curve of coincidence is now a y’, which passes through the 
points B. To a straight line p a p’ is associated, while the straight 
line X envelops a curve of the second class, when X describes the 
straight line ». 

For B, the eurve (P)' consists of a ß,’ (A,B,B,B,A,*) and the 
lines a,,a,*; for each of tlıe remaining singular points it consists of 
four lines easily to be indicated. 

For further partieulars I refer to my paper mentioned above. 


6. We now consider a net [c*] that has the vertices Auofa 
fourside, with sides a7, as base-points. To the straight line a, & 
(c?) is associated, which has as base-points A,,, Ay. Ar, and a certain 
point A,; each of these ce? forms with a, a figure of the net. To 
these figures belongs the threeside that is composed of a,, a, and a 
third straight line a,,, which must pass through A,,, but cannot but 
contain the singular point A,. But this threeside may at the same 
time be considered as compound of. the straight line a, with a pair 
of lines of the (c?), which has as base-points A, 4, 4,, and a 
certain point A,; consequently the third straight line a,, passes 
through A,, and A,. The singular straight line a,, contains therefore 
the three singular points Ar; As: 

Besides the sie singular points Axı, which have each a straight 
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line a7, as corresponding singular line, the /, has as appears from 
the above, moreover four other singular points A,„, which are in 
pairs collinear to the points Az, and that in such a way that A, 
and 4A, are connected with Axı by the singular straight line agı. 
In other words, there are ten singular points and ten singular straight 
lines, which form a fourside and a complete quadrangle, in which 
the former is inscribed in such a way to the latter that a configu- 
ration 10, of DesarGurs has arisen. !) 

The curve of coincidences is now &a conic, as the four straight 
lines a, form part -of the Jacobian. This may moreover also be 
confirmed by paying attention to the common tangents of the curves 
(p), and (g),; they have besides the two straight lines « indicated 
by the point pg and the 10 singular straight lines, moreover ..4 
straight lines x in common, which each connect a point X of p 
with a point X’ of q. To a line p as locus of X corresponds 
therefore a curve p' as locus of the pairs X’,X" and the latter 
interseeis p in two coincidences. It is easy to find now that the 
straight line X= X’X" desceribes a plane pencil. 

The /, here described has been known longest; it may_ properly 
be called the involution of Rrye. 


7. With this five of the involutions /, found in the above 
mentioned paper have been deduced from nets of cubies. The sixth 
[, is obtained if each c? passing through the points E, F\, F,,F, is 
intersected by each c’ passing through the points E, G,, G, G.- 
This /, was amply discussed in my paper “A quadruple involution 
in the plane”. (These Proceedings XII, 82-91). 

When the base-points 3,,B,B, of a [e’] lie on a straight line 
d,,, and the base-points B,, B,B, on a straight line d,,,, this net 
contains a pencil, each figure of which is composed of the two 
straight lines mentioned and a ray s ofa plane pencil whose centrum 
be indicated by 4. 

On each ray s [c?] determines an /,; here we have therefore a 
eubie involution in the plane, which eontains collinear triplets only, 
and consequently was excluded from the invesfigation mentioned 
above. Neither is it of the first class, for on an arbitrary straight 
line does not lie a single pair. 

The Jacobian of this net consists of the lines 5 b,, and a 
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!) In a more symmetrical way the points and lines of the 10, are indicated by 
the symbols kl and klm; the points kl, km, Im, lie on the straight line klm (k, 1, m 
to be replaced by 1,2, 3, 4,5). 
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en A a 
curve y‘, which contains the coincidences of the eubie involutions 
Iying on the rays. 
Anal 8 are arriv  eonsideri ' 
alogous results ‚are arrived at by considering the net of which 
the six base-points lie on a conice. 


8. Let a net of nodal eubies be given, which all pass through 
the base-points B,, B, and have their node in D. 

To 6, =B,D belongs a pencil of eonies passing through D, TER 
and two other points A, and A,*. Analogously to db, = Dale) 
with base D, B,, A,, A,*. The two peneils [c®] indicated by this have 
the threeside in common, which consists of d,,d, and a third line d. 
From this it ensues that d must contain the points A,, A,*, A, and A,*. 

On the singular straight line d, |c’] determines an /,; here too 
we have consequently a triple involution, which was exeluded in 
the investigation mentioned above, because it has collinear triplets. 

On the pair of lines DA,, B, A,*[c?] determines groups of the /,, 
which have each a point on DA, and a pair of points on B, A,*. 
The last mentioned line is therefore singular, and the same holds 
good for the lines 5, A,, B, A,and B, A,*. 

Taking into consideration that the curve of coincidences is a y* with 
triple point D, we can now deduce from the combination of two 
curves (p), that besides the jive singular straight lines mentioned 
there can be no others. For, (p), has d as bitangent, so that d 
represents four common tangents of (p), and (g),. And, as to », on 
account of y‘, a curve p° is associated, as locus of X’, (p), and (q), 
can only be touched yet by four singular straight lines. 

As none of the singular lines passes through D, the curve (P?)* 
for P=D will have a triple point. On this d*, which passes through 
B,, B, and the points A, lies an /,, of points X, X’, for which X 
is lying in D; the straight line X X’ envelops a curve of the 3X class. 

For B, the eurve (P)* consists of a conie P,* (which contains an 
l,) and the straight lines D, A,, B, 4,*. 

The singular points A,, A,* form triplets with each of the points 
of b,; to them no singular straight line is therefore associated. For 
A, the eurve (P)‘ consists of the straight lines A, B, and d, together 
with the twice to be counted line d. 

The curve (p), is evidently of order 8 (two bitangents) ; it is conse- 
quently intersected by p in 4 points. Consequently the complementary 
curve is of the fourth order. As it has nodes in D, B,, B,, it can 
have besides these points but 16—2 x 3—2xX2 or 6 points in 
common with y'. In this /, only three groups occur of which the 
three points have coincided. 
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It -possesses seven singular points and five singular straight lines. 


9. In $ 7 there was a reference to a triple involution that has 
only collinear groups. Another /, with only collinear triplets is 
determined by the projective nets 

kaz’ + Ib,’ + mc.’ =, kA, + IB. + mr =. 

Each triplet eonsists of base-points of a pencil (c‘) belonging to 

the net [c*] indicated by 

| a ß Y | 
A, Or C 
Ar Da 6 
which has thirteen fixed base-points Sz. For the curves a,’ B,—b,?Ä, 
and a,’ CO, = Cr’ Az have in common the three points indicated 
by a,’ = 0, A, —= 0, and they do not lie on the net-curve 5,’ (,—c. B.. 
The ceurves of [c*] pass therefore through 13 fixed points. 

Any straight line contains three base-points of a peneil (c*). If it 
is represented by kA. + !B.+ mC;=0, which is always possible, 
the peneil in question is found by writing 


kat +my—=0O 


in 
ka + my. BY 
ka + De ne, ee et 
kA» +1B.+mG Bi C: 
Then we find the peneil 
| > ka, er ia | 
Bo Han 
| Ebd. (= Rd Be 


and it has as base-points the intersections of 
= Roy le wuh Far N 

The thirteen points S. are singular, for each point S forms a 
triplet with each of the pairs that is produced by the intersection 
of the peneil with centre S; on the nodal curve 07‘, which has 
Sr as node and belongs to [c*]. | 

The groups of the /, that are collinear with the point P? lie on 
a curve (P)‘, which passes through the points S, consequently also 
belongs to |[c*]. 


!) An arbitrary net [ct] has 12 base-points at most and intersects a straight 
line in the groups of an involution I?, (of the second rank), which has three 
neutral pairs. Here the three pairs are replaced by a neutral triplet. 
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Any net-curve contains a point P, for which it serves ag curve 
(P)*. For the Jacobian y’, at the same time curve of coincidences 
of the /,, has nodes in ‚S; and intersects a c* of the net consequently 
moreover in 10 points A, which must be coinceidences of the ie 
het 2, be one of those points; the tangent in R, at c‘ has two 
more points in common with that curve, one of them forms with 
R, & triplet of /. Let P be the second of those points. The (P)* 
belonging to 7 has now in common with c* the 13 points S, the 
point / and the triplet of the /, determined by R,; but the two 
curves are identical then and the tangents at c* meet in the 10 
points R in P. 

From this it ensues at the same time that the lines £ containing 
the coincidences of I, envelop a eurve rt of the tenth class. 


10. In 5% six tangents of 0,‘ meet; each of the tangenis in Sk 
replaces two straight lines Z, so that r has a node in Sr. 

If (P)' has a node D, PD replaces two straight lines t and P 
is a point of r. 

If (P)‘ has two nodes D, and D,, Pis node of r and PD, PD, 
are the tangents in P. 

Analogously r has a cusp in ?, if (P)' is a cuspidal c‘. 

Consequently t has besides the 13 nodes S;, moreover 225 nodes 
and 72 cusps. ‘) 

Hence we find further that 7 isa curve of order 27 and of genus 15. 

It must correspond in genus to the curve of coineidence y’; in 
fact the latter is also of genus 15, because it has 13 nodes. 

As 0°; contains six coineidences besides S,, the complementary 
curve «x has a sextuple point in St. On each (P,' lie 10 points of 
x, viz. on the straight lines z, which meet in 7. So (P)* and w« have 
10 +13 6 points in common, « is consequently a curve of order 22. 

The eurves y’ and «” can only touch outside the points S; and in 
each of those points of contact the curves of a pencil (c‘) have an 
oseulation. From 9x 22 -—-13 x 2xX6— 42 it appears therefore 
that /, has 21 groups of which the three points have coincided. 


11. Let us now consider the case that the curves indicated in 
Ba, 0, 0,0, C,—0 have a node in S,. The net [c*] 
may now be represented by 

) A net [c“] without multiple base-points has ®/, (n—1) (n—2) 8n?—3n—11) 


binodal and 12 (n—1)(n—2) cuspidal eurves. (Gf. e.g. my paper in volume VIT, 
p- 631 -633). | 
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NR Ay 0, + Qr° %, 
| B ba, + bi ai 
| Y 20,4 %° ®, 
in which a,? ete. are functions of x, and .z,. Alle‘ have a node in S,. 
The groups of the /, on the rays passing through ‚S, consist of 
the point S, twice to be counted and a point of the eurve 0%, 
indicated by 
Ay 0, + Ar" 2 | I, 
| — 3 


be 


which has a iriple point in S,. 

As (Pj* has a node in the singular point S,, /bears eight straight 
lines £, so that r is now of class 8. The curve of coineidence y° 
interseets (P)' in tlie points of contact of the 8 straight lines ? and 
twiee in each of the 9 singular points Sı. (single base-points of [c*]); 
from this it ensues that y’ passes five times through S.- 

We now consider two arbitrary penecils of the net |c* | and associate 
to each c* of a peneil the ceurves of the other, which eurves intersect 
it on y°. The product of the pencils that consequently are in an (8,8) 
eonsists of the twice eounted eurve ‘y’, eight times the ec‘, which 
the peneils have in common, and the complementary curve «. From 
64 —2%x9-—-8%x 4—= 14 it now appears that x is a curve of order 14. 

The eurve 0°; belonging to ‚S; has nodes in S. and 5, ; consequently 
is 5% quadruple point of w. A combination of (P)' with '' now leads 
to the conelusion that «'‘ possesses a sertuple point in S.. 

We now find by the combination of y’ and «'* that /, contains 
12 groups in which the Ihree points have coincided. 

The characteristie numbers of r are easy to find, as this curve 
corresponds in genus to y’, and has the 12 points of contact of y 
and w as points of inflexion. It appears to be of order 20. 


12.. If in 
a [ng %, 
ß b,' ZEN) 
T C2’ U; 
a, etc. again represent functions of x, and «,, all the eurves of 


[]in 0,=S, have a triple point. The groups of the /, are now 
determined by 
ka? + lb’ +mea’—=0 and ka, + la, + me, —0. 
The first of these equations shows that the rays have been arranged 
by 5, into the triplets of an involution of the second rank. 
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If two rays of a group coincide, we have ar 
ka, + lb, + me, = 0 
ka, + lb, + me, =. 


We find, therefore, for the curve of coincidences 


| a + 
| d, b, C, == 0, 
L PH AH 


E P) 
i.e. a y° with quadruple point S.. 

This result was to be foreseen; for the net [c*] has moreover 
4 single base-points Sr; the JacoBıan has consequently 4 nodes S;. 
and an octuple point S,, breaks up, therefore, into four rays SS 
and a y‘. 

If the three rays of a group ofthe involution /,?’ coineide, we have 


A, Bir Cjı 
Aız bir Cs | = 0. 
Az b;; Cza 


There are eonsequently three groups of the /, in which the three 
points coincide; their lines Z are stationary tangents of the curve r. 

As (P)* has now a triple point in 5, 7° bears only four straight 
lines {. The curve r is consequently of class 4; as it must be of 
the genus null and has 3 stationary tangents, it is a curve of order 
three. 

The /,? has a neutral pair; these two straight lines form a c* with 
the conie that passes through the five singular points. 


13. The net determined by 

a Ax” A | 

ep, ER 

| 4 Gy" er 

has 12 base points, eonsequently produces an 1,. \f, however, the 
6 eonies corresponding to the 6 quadratic functions, all pass through 
a point S, the curves of [c'| have a node in S, and pass further 
through 9 fixed points besides. The variable base-points of the pencils 
(c*) form now an /,. This triple involution of the third class 1 have 
fullly investigated in a paper, printed in volume XVII, p. 134 of 
these “Proceedings”. In a paper published in volume XVII, p. 105, 
a triple inmvolution of the ‚second class is to be found; its groups 
are arrived at by intersecting any conie of a pencil with any curve 
the two peneils viz. have three base-points in common. 


—— 1 


of a peneil (c?); 


0?a 


Va 
1)-By ar is a by ax! the form — 


27: 708 l 


20 
Proceedings Royal Acad. Amsterdam. Vol. XXI, 


Mathematics. — “Linear Null-Systems in the Plane”. By Professor 
Jan DE VRIES. 


(Communicated in the meeting of April 26, 1918). 


1. A linear null-system NR (1,m) may be determined by two 
equations of the form 
u 4, +50, —0 
5,4, 5 Ar EU 
where A; indicates a function of order m, in 2%. 

When the straight line n revolves round the point /(yr), its m 
null-points . N, viz. the intersections of &&=0 with the curve 
38,4, —=0, deseribe a eurve of order (m 1). As&,—=0, this null- 
curve (P)" +1 has as equalion, 


| NE 
Fe —,08 
2, A; A, 


The eurves (P”+! form a net that is represented on the point- 
field.by the points ?; for each neteurve belongs to a definite point P. 
The net has (m? + m +1) base-points. For, if for the sake of 
brevity its equation is written in the form 
en RR 
it appears that the curvess B,—=0 and B,=0 have in the first 
place the points indicated by «,=0, A,=0 in common, which, 
however, do not lie on the curve B,—=0. For the (m’ + m +1) 
points ‚5%, which they have moreover in common, we have the relation 
AA erg 

These points lie consequently at. the same time on B, —=0. 

Each of the base-points S% bears oo! null-rays n, is therefore a 
singular point of the null-system. 

Two null-ecurves (PJr+! and (QJr+' have in the first place the 
m null-points of the straight line ?PQ in common ; the remaining 
intersections must be singular as they bear each two null-rays; they 
are therefore idenrical with the (m? + m +1) singular points S. 

If the point O, is laid in one of the singular points we have to 


write AA=aMa"-1i-..., where a® indicates a linear funetion 
of #, and «.. 
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We find then for null-eurve of O 
(2, ad — a, al) a, r—14...—=(, 
from which it is evident that the null-curve opt! of S. has a node 
in Sr. 
This result was to be expected, but of course holds good only in 
the case of S being single null-point for an arbitrary ray passing 
through S. 


2. If a point N describes the straight line p, its null-ray n 
envelops a curve of class (m + 1), which will be indicated by {be 
symbol (p\n+1. For the null-eurve of an arbitrary point (Q intersects 
p in (m +1) points N, of which the null-rays pass through @. 
Evidently p is an m-fold tangent of (Plutı- 

The null-curves (p)n+ı and (Q)mpı have a common tangent in the 
null-ray of the point p»g. Each of the remaining common tangents 
is a straight line n, of which one of the null-points N lies on », 
another null-point N’ on q. If N describes the straight line », the 
remaining null-points N’ describe consequently a curve (N ’) of 
order (m? + 2m). 

Each of the null-points of p is to be considered (m—1) times as 
point N’, so that (N ’) in those null-points has m(m—1) points in 
common with p. In each of the remaining 3m intersections of p 
with (N’) a point N’ coincides with a point N into a double 
null-point N ® of the corresponding straight line n. 

In a double null-point the eurves (/?) of a pencil have a common 
tangent; one of the peneil-curves has a node there. The locus of 
the double null-points (curve of coincidence) coincides with the 
Jacobiana of the net of the curves (/’). As the latter is in general 
a-ceurve of order: 3m, the conclusion may be drawn from the above 
made statement that the null-system possesses in general no singular 
straight lines. For, if a straight line has each of its points as null- 
point, it is common tangent of null-eurves (P)n+ı and (Mm-+ı- 

The curve of coincidence‘ y?" has, as Jacobiana, (m? +m +1) 
'nodes Sr. 

This may be eonfirmed as follows. Through /° pass (m? -+ m—2) 
tangenıs of (P)r+: their points of contact are double null-points, 
eonsequently points of y°". The remaining 3mm + 1) — (m? + m—2) 
intersections of (/?) with y must lie in the singular points, but then 
y must have a node in each point S. 


3. Let us now consider the locus x of the groups of (m — 2) 


null-points, Iying on the null-rays &£, which possess a double null-point. 
20* 
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Through each point S pass (m? + m —-6) tangents of the null- 
curve omt! of S; as they bear a double null-point each, S is an 
(m? + m — 6)-fold point of the complementary curve #. Besides the 
points S, x has moreover the groups of (n—2) null-points in common 
with (Pr+1; these points lie on the (m? + m —2) straight lines £, 
which meet in P. The two ceurves have consequently in common 
(m? + m + 1) (m? + m — 6) + (m? + m —-2) (m -— 2) points. For the 
order of x we find from this (m! +3 m! —5 m? — 9m — 2): (m +1), 
i.e. m’+2m’—7m-— 2, or (m—2)(m +4m +1). 


4. The straight lines ? envelop a curve r of the class (m + 2) 
(m—1). 

If a curve ct! of the net has a node D, DP replaces two of 
the rays ? meeting in P; P is then a point of vr and PD the 
tangent in P at that curve. | 

If P lies on a binodal e®H, with nodes D and D', PDand PD’ 
replace each two straight lines / and are tangents in a node of r. 

If a crt! has a cusp in X, PK replaces three straight lines zZ, 
and P is a cusp of r. 

Now the net [c”t1] contains according to a well-known proposition 
3 mm—l) m? +3 m — 11) binodal and 12% m (m — 1) cuspidal 
curves. 

If we moreover take into consideration that the base-points Sare 
nodes of r, it appears that x possesses 4 (9 m! — 40 m’ +35 m + 2) 
nodes and 12 m (m — 1) cusps. 

We can now determine the remaining characteristie numbers ofr. 

From the formula » = n (n—1) — 2d—3r it ensues at once that 
the order of r is 3m. 

From 3n—r = 3r—g we deduce for the number of points Öy 
inflewxion 3(m—2)(2m--1). 

The genus of r is equal to that of wet viz. equal to Im(7m—11). 

And we now finally arrive from 


Ian ie 
at the number 4(m— 2) (m--3) (m?’-H7m-+-4) of bitangents. - 

It appears from the results arrived at that N(1,m) has 3 (m—2) 
(2m+1) rays with triple null-point N® and 4 (m—2) (1m— 3) 
(m’+Tm-+4) rays that have two double null-points en 

By means of these two numbers it would be possible to determine 
again the order of the complementary eurve. For the eurves y and 
*» will touch in the triple null-points and must interseet in the 
coupled double null-points; they have further in each singular point 
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2(m?’+m—6) points in common. Taking this into account we tind 
indeed for the order of x the number arrived at above. 


5. Till now we have supposed that the singular points are all 
single and different, but moreover that each point S is single null- 
point on a ray arbitrarily drawn through S. An example ofaRld,m), 
of which the singular points are partly double null-points, is furnished 
by a pencil of curves c”, when each straight line is associated to 
its points of contact with curves of the peneil. A ray passing through 
a base-point of (c”) is touched outside that point by 2(r—2) curves, 
while an arbitrary straight line has 2(r—1) null-points; so each 
base-point is to be considered as double null-point. The remaining 
singular points of this null-system NR(,2r—2) lie in the nodes of 
the nodal curves c”; they are evidently single null-points on the 
straight lines drawn through them. 

We shall now suppose that N(1,m) has s, singular points 5®, 
which are double null-points of their rays. As a ray passing through 
5% outside that point bears (m—2) null-points the null-curve 6‘% has 
a Zriple point in S'®. The complementary curve now consists of the 
s, null-eurves 6% and a curve x* of order (m— 2) (m’+4ın +1) — 
— (m+J1)s,, while the eurve r has been replaced by a curve r* of 
class (m+2) (m—1) — s, aud the s, class-points S ®. 

If it is taken into. consideration that 072 contains all singular 
points S/2 and S,„ it is found that »* passes through each point 
S with (m®+m-—-6—s,) branches and with (m?-+m—8—s,) branches 
through each point S®. 


6. In order to arrive at a determination of the number of triple 
null-points N®, we associate to each point N® of a ray £ the 
(m—2) null-points N’ of t, and consider the corresponderice which. 
arises in consequence of this in a plane peneil with centre ik 
As the points N® lie on the curve y?”, the points N’ on the 
eurve x’, the characteristie numbers of this correspondence are 
evidently 3m(m—2)_and (m—2) (m?+4m-+1) — (m-+1)s,, while any 
ray £ passing through 7° produces an (m—2)-fold coineidence. The 
number of the remaining coincidences amounts to 

3m (m—2) + (m—2) (m? + 4m + 1) — (m + Ds, — (m + m—2—8,) 
(m—2) i.e. (m—2) (6m + 3)—3s;- 

. There are konsequentliy 3(m —2) (2m + —3s, null-rays with a 
triple null-point. | 

In order to find the number of coupled double null-points N ® 
we associate to each point N' of a ray t each of the remaining 
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null-points N” of t. The involutory relation which arises in conse- 
quence of this .in the plane peneil 7’ has as characteristice number 
[m—2)(m? + 4m + )- (m + 1)s,!m—3); any ray £ passing through 
T represents now (m—2) (m—3) coincidences. The remaining coin- 
eidences to the number of Am— 3) [(m—2)(m? + 4m + 1) —(m + 1)s, | 
— (m? + m—2— s,) (m—2) (ın—3) form pairs of double null-points. 

There are consequentiy 3(m—2) (m-—3)(m’ + Tm + 4) — (m — 3) 
(m + d)s, rays which each bear two double null-points. 

A null-system Nl,m) with (m? + m + 1) simple singular points 
has therefore 3(m— 2) (2m + 1) null-rays with a triple null-point 
and 4(m—-2) (m—3) (m? + 7m + 4) null-rays with two double null- 
points. 

With this the results of $ 4 are confirmed. 

For the null-system (1, 2r—2) mentioned above s,=r?”; the 
number of triple null-points amounts therefore to 3(7r’—22r + 12). 
Forr—=3 we find from this 27. For each _pencil (c”) each base- 
point is point of inflexion on three curves c’; the number 27 conse- 
quently arises from the fact that the 9 base-points serve each on 
three null-rays as triple null-point. As this observation holds good 
for each peneil (c”) the number of points N outside the base- 
points will be equal to 3(6””—22r + 12). In such a point a ec has 
four eoineiding points in common with its tangent. In general-a 
peneil (c”) has therefore 6("—3) (3r—2) curves that have a point of 
undulation '). 


7. If the ceurves A«—=0 ($ 1) have an r-fold point in O,, 
S=0, is an r-fold null-point on each of its rays. Outside the 
singular null-point S, there are then moreover (m? + m +1) — r? 
simple singular null-points 8. 

The null-eurve of S, has as equation A, @,—4,2,=0; hence it 
has in 5, an (r + 1)-fold point. 

The null-eurve (Pjr+! has in ‚S, an r-fold point, eonsequently 
sends through P_ (m? + m— 2) —(r’—r) tangents Zt, of which the 
points of contact lie on the curve of coincidence y. The latter has 
nodes in the points S; so of its interseetions with (Pr+1 there lie 
in 8, 3m (m + 1) — (m? + m — 2 — 7? +7) — Am? +m+1—- 9) = 
= (3r—-1)r points. 

From this it ensues that y has in S, a (3r—1)-fold.point. 

In order to determine the order of the complementary curve, we . 
consider two peneils of null-curves (c,"t1) and (c,"t1), and associate 


!) Another deduction of this number I gave in “Faisceaux de courbes planes’”. 
(Archives Teyler, ser. II, t. XI, p. 99). 
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to each ec, "+! the (m? + m — 2 — r? + 7) curves c,”+1, which it interseets 
on 73”, outside the points S. The figure produced by the pencils 
coupled in this way consists of twice the eurve y, of (m! + m —I — 
—r" + r) times (he ceurve c"t!1, which belongs to both peneils and 
of the complementary curve %,. We now find as its order (m? +m 
— 2 — r! + r)(m +1) — 6m i.e. (m — 2) (m? + 4m +1 — (m -+1)r 
(r — 1). 

With regard to $3 we conelude from this that the null-eurve of 
S, is to be considered » (r —1) times as component part of «. 

Applying the method of $6 again, we now find the number of 
iriple null-points from 


3m (m—2) + (m—2) (m’+4m+ 1) — (m +1) r (r-1)—{m—2) (m? + m-2—r? -+r) 


1.e. 
(m—2) (6 m + 3) — 3 r (r—]). 


Analogously we find for the number of null-rays with two double 
null-points 
3 (m— 2) (m— 3) (m? + rn +4) — 4 (m —3) (m+4) r (r—1). 


8. A very particular linear null-system is obtained by supposing 

that the funetions Az ($ 1) only contain w, and «,. In that case 
EA, FEA 7 5A—0 

represents an involution of rays of the second rank, of which the 

©? groups, each of ın rays, correspond projectively to the straight 

lines of the plane. 

The null-curves have now in 5, = 0, an m-fold point, are conse- 
quently rational; the null-curve of S has degenerated into (m + 1) 
rays, which each contain one of the simple singnlar null-points 9. 

If the derivatives of A; with regard to x, and «, are indicated 
by (Ay), and (Ay), we find for the locus of the double null-points 
the equation 


% %, T, 


Beh (4),  —=9 
VARMEARBEHF 


This curve of order (dm —1) has in 8, a (2m — 2)-fold point. 
By the (m + 1) rays S,S7 it is completed into the Jacobiana of the 
net of the null-curves. 

The rays i with the double null-points envelop a curve 0 class 
Bm 1) ter (Birti is.now of elass (m + 1) m — ın aan 

The triple rays of the above mentioned involution are indicated by 
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Ay HA 
(A,).. Ay; (A,)ıs =. 
(Adın (Ad Au), 


Their number amounts therefore to 3 (m — 2). 

There are consequently 3 (ın — 2) null-rays with triple null-point; 
they are evidently siationary tangents of the eurve r enveloped by 
the null-rays £. 

Analogousiy the ditangents of that curve are intersected in their 
points of contact by the pairs of double rays that ocenr in the 
groups of the involution. Their number, as is known, amounts to 
2 (m — 2) (m — 3). 

For the order of r we find now ın; it has no cusps, but 
3 (m — 1) (m — 2) nodes. It is, just as y?r-1, rational. 

The involution has 3 (m — 1) (m — 2) neutral pairs. Each pair 
belongs to ©’ groups and corresponds projeetively to a plane pencil 
of null-rays. In connection with this the null-eurve of the centre 
of that peneil consists in the corresponding neutral pair of rays and 
a curve of order (m — 1), which has an (m — 2)-fold point in S,. 

The null-curve of a singular point ‚Ss. consists of the ray SS, and. 
a curve of order m with (m — 1)-fold point S,. 


Mathematies. — “Null-Systems determined by two linear con- 
gruences of rays’. By -Professor Jan De Vrıes. 


(Communicated in the meeting of April 26, 1918). 


1. A. twisted eurve a” intersected by a straight line a in (p—1) 
points, determines a linear congruence (1,9), of which each ray u 
rests on a and on «”. Analogously a curve 89 intersected by the 
straight line d in (g—1) points determines a congruence (1 ‚g), of 
which the rays v rest on db and 8. 

Through the point N pass in general one ray u and one ray v. 
lf the plane v=u» is associated as null-plane to N a null-system 
arises in which a plane » has in general pg null-points, viz. the 
intersections of the p rays of u with the q rays of v. 

If N describes a straight line /, the rays « and v» deseribe two 
ruled surfaces, which are successively of order (» + 1) and order 
(9 + 1), and intersect along a curve (/) of order (ng + p-+ 9). An 
arbitrary plane » passing through / has with (/) the pg null-points 
of » in common, and moreover (p —+g) points Iying on /, which 
belong each as null-point to a definite plane ». In other words, the 
straight line / is (p-+ g) times null-ray. In R. Sturm’s notation the 
null-system has therefore the characteristice numbers e=1,3=p9, 
y=p-+9, may consequently be indicated by Ril,pg, p+9). 


2. If v coineides with x, any point of that straight line has any 
plane passing through that straight line as null-plane. Now, the 
congruences (1,9) and (1,9) have in general (pg-+1) rays in 
common. There are consequently (pg +1) singular straight lines s. 

The curves @” and 9 are also loci of singular points. Through 
a point A* of @” passes a ray v* and a plane peneil of rays u. In 
any plane passing through v* lies one ray v; so A* is null-point to 
any plane of a peneil that has v as axis. The straight lines v* form 
a ruled surface of order p(g+1); for a plane passing through 5 
contains p rays v* and a point of db bears pgq rays v*. Finallv the 
points of «a and 5b too are singular null-points. A point Ay of a 
bears one ray v, and @' rays u, which form a cone of order p 
with (p—1)-fold generatrix. Any plane passing through v, contains 
p rays u, so that A, is to be considered as p-fold null-point. The 
rays v„ form a ruled surface of order (941). A straight line u 


# 
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(or v) is null-ray to any of its points; sn connection witli this (he 
curve (/) degenerates for =u or ev. 


3. If a plane » continues to pass through fhe point P, its null-. 
points deseribe a surface (P) of order (pt). For a straight 
line / passing through P bears (p+g) points N, which send their 
null-plane through P. 

The straight lines « and v, which intersect in P, lie on (P); for 
each of their points sends its null-plane through P. 

On {P) lie further the (pg—+1) singular rays s and the singular 
eurves a’, 8, while the singular straight line «a is evidently a 
p-fold line, the singular straight line d a g-fold line. The surfaces 
(P) and (Q) have, in connection with this, the singular lines s, a, 
db, & and P in common and interseet further along the curve (l), 
which belongs to =PQ. 


4. As the straight line ! intersects the ruled surface (o*)inp(q+1) 
points, the curve (/) contains evidently p(g—+1) singular null-points 
A* and thus 9(»—+1) singular null-points B*. 

Tbere are further (7—+1) planes passing through /, which bear 
a p-fold null-point A, each, and consequently (p +1) planes each 
with a g-fold null-point 5,5. 

Let R be a point outside the straight line /. To the intersections 
of the surface (R) with the curve (/) belong in the first place the 
pg null-points of the plane /!R. Further the »(g—+1) points A* and 
the g(p+1) points B* The remaining common points to the 
number of op ++) p ta tpN)- pe pl +2D--gap-1) i.e. 
pr(g+N)-+eg’(p +1) must be Iying in the (Y„—+-1) points A, and 
the (p+1) points By. As a on (R) is a p-fold line each of the 
(7+1) points A, must be a p-fold point of the curve (/). Analogously 
has (ld) in each of the (p-+1) points 3, a g-fold point. The ceurve 
a? is rational, sends consequently 2(p —1) taugent planes through 
(. In each of these tangent planes two rays « coineide, so there are 
qg double null-points, so that the plane is g-fold tangent plane of 
(). Analogously ß7 sends through / 2(g—1) tangent planes which 
are p-fold tangent planes of the curve (/). As /! is interseeted by (]) 
in (p-+g) points, the vank of l is equal to 2(p —1)g+?2(—i) 
pP +2, le. 4pq. 


5. Let us inquire in how far the results arrived at are altered 


when the, congruence of rays (1,9) is replaced by the congruence 
(1,3) of the bisecants v of a twisted eubie ?*. 
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Let B* be a point of 2°, u* the ray which the congruence (1,p) 
sends through that point. Any plane passing through u* contains 
two straight lines »,- which interseet in B*; B* is consequently & 
double null-point. 

The surfaee (P)r+* has consequently 3° as nodal eurve ; it further 
cointains the curve or, the (39 +1) singular straight lines s and 
passes » times through the singular straight line a. 

The ruled surface (v*) is of order 4», the ruled surface (u*) of 
order (39 +3), while the straight lines vy, as bisecants of ß°, form 
a ruled surface of the fourth order. 

If the congruence (1,9) is also replaced by the congruence (1,3) 
of the bisecants of a curve «’, a null-system X (1,9, 6) arises. The 
surface (P)’ has «® and 2° as nodal curves and contains 10 singular 
straight lines s; (P)” and (Q)’ have moreover a curve (l)" in com- 
mon. The ruled surfaces («*) and (v*) are of order 12. 


6. For p=1, g=1 we have a bilinear null-system NR (1,1, 2), 
in which the rays u rest on two straight lines a,«a’, the rays » on 
two straight lines 5,b’. 

The singular figure consists then of the straight lines a, a’, b,b’ 
and their two transversals s,s’. For each singular point the null- 
planes form a pencil; the axes of those pencils form four quadratie 
systems of generatrices. Tlie surface (7) has a triple tangent 
plane ') in the null-plane of P. 


1) Cf. my paper “On bilinear null-systems’” (These Proceedings, vol. XV, p. 1160). 


Experimental Psychology. — “The Psychology of Conditions of 
onfusion”. By Prof. E. D. Wısrsma. 


(Communicated in the meeting of April 26, 1918). 

The contents of our conscionusness distinguish themselves by 
their intensity. When attentiveness is direeted on them they have a 
high grade of conseiousness. When our attention is scattered over 
many psychieal contents or there is a weakening or depression of 
the attentiveness, we speak of a generally low grade of consciousness, 
by which we have to understand a condition in which external 
impressions or also our own thoughts can not, or with diffieulty, 
cross the threshold of eonseiousness; in which associations do not, 
or incompletely, come to pass; in which the formation of syntheses 
is hampered, in other words, a condition in which the preeision, 
the clearness and the velocity of conception of the contents of 
consciousness is diminished. Such depressions of consciousness oceur 
in many forms, normally as well as pathologically. The momentary 
weakenings of consciousness cause normally the phenomena of 
depersonalisation and of “fausse reconnaissance”, as was proved by 
the investigations of Heymans, and pathologically the epileptie fits 
as (he psychology of epilepsy teaches us. 

More prolonged depressions oceur normallv in dullness, exhaustion, . 
sleepiness,. and sleep, and pathologically in the conditions of acute 
confusion as we meet them in or after acute infectious diseases, in 
some intoxicatlions, and sometimes in meningitis. 

These processes can make their .appearance in many different 
forms. At one time the stupor is more pronounced, then again the 
confusion and desorientation, strong disturbances of memory, hallu- 
cinations, delusions, and. motor restlessness. In whatever form ‘the 
disease presents itself the characteristics of a lowered grade of 
consciousness are always clearly present. The constant presence of 
this one symptom with the great change in all other phenomena, 
makes it probable that the former is primary tn those other symptoms. 
This opinion is strengthened by the fact that all the symptoms of 
confusion disappear for a moment if we are able to obviate or 
lessen the intensity of the depression of attentiveness. In a raving 
fever patient, in a patient with delirium tremens, with uraemia or 
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with meningitis one can often let all symptoms disappear for a short 
time by heightening the psychical level or by eoncentrating the 
attention on something. The patient is then no longer confused, 
gives the right answers, knows his bearings, and has no more 
hallueinations. 

Moreover there is so strong a eorrespondance between normal 
depressions of consciousness such as sleep and the dream, and the 
acute pathological conditions of confusion, that of old a comparison 
was readily made between these eonditions. If now the low grade 
of consciousness or the depression of the attentiveness is the cause 
of the various symptoms of acute conditions of confusion, then it is 
to be expected that such symptoms will also make their appearance, 
albeit in rudimentary form, in normal and pathologieal conditions 
in which the grade of eonseiousness has sunk. 

To determine this I have made a series of investigations on persons 
of whom it could with certainty be assumed that the groups in which 
they were classified would show large differences in attentiveness, 
Among ‘these were patients with obvious intellectual disturbances, 
sufferers from melancholia with strong obstruction and depression, 
hysteries with a narrowed consciousness, and normal persons. After 
the grade of eonseiousness had been determined by an examination 
of the attentiveness, several other psychical funetions, which are 
more or less disturbed in acute conditions of confusion, were further 
investigated. 

In a number of other subjeets I limited this examination to a few 

psychical funetions only, viz. to: the annihilation of weak impressi- 
ons by later stronger ones. The results of this later examination I 
shall mention immediately after desceribing the arrangement of the 
test, while the results of the first experiments, in which various 
methods of examination have been used, will follow after a descrip- 
tion of the methods has been given, so (hat in this way a better 
survey is obtained for comparing the results. 
It is well known that there are many good methods for measuring 
the voluntary attentiveness, which gives us an idea of the grade of 
conseiousness. | have made use of {wo of these viz. the Esthesio- 
meter, which was first used by Griksbach ') to determine fatigue, 
and {he marking method ”) as this has been used in the determi- 
nation of the psychical after-effeets of school children. 


I) GrırsBACH Ueber Beziehungen zwischen geistiger Ermüdung und Empfindings- 
vermögen der Haut. Arch. f. Hygiene Bd. 24. 1895. 
2) Wıerrsma. Psychische Nachwirkungen. Zeitschr. für de ges. Neur. u. Psych. 


Bd. XXXV H 3. 
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Opinions vary strongly as regards the value of the esthesiometrie 
method, but I do not want to dwell upon that now. I have used 
the method as deseribed by Bıner‘) and for the sake of brevity 
I refer to the original description. 

The subjects of the experimient were touched on the back of the 
hand with the ends of two blunt needles of a certain thiekness, 
which were fixed at various distances from each other in pieces of 
cardboard. 

The distances between the needles were 0 (one needle only); 
1; 1.5; 2; 2.5 and 3 em. The needles must be placed on the skin 
simultanevusly and always with the same amount of pressure. With 
such a set of needles the subjeet is touched in irregular order, but 
with the same distance equally often. These experiments were repeated 
on five consecutive days at the same time of day. 

Then the percentage of double and single touches was determined 
for each distance. For the purpose of judging the attentiveness | 
used as a eriterion the faet that a touch with one needle had 
always to be felt as one point, and with two needles 2.5 or 3 cm. 
apart always as two points. This has been proved by a prolonged 
investigation of various normal people. If a mistake is made here 
it has usually to be considered as a disturbance of the attentiveness. 
By computing the average number of mistakes it was possible to 
get an opinion of the attentiveness. It was evidently necessary not 
to reckon with the border values only, because some patients suf- 
fering from dementia and often also those suffering from Melan- 
cholia, always answer over all distances with 2 or with 1. In these 
patients one would come to very misleading results. On the other 
hand it has been proved, also by investigations of Bınkt, that it 
must not always be ascribed to inattentiveness when a touch with 
one needle is felt doubly. A high degree of attentiveness could 
sometimes be the cause of this. There is therefore no doubt about 
it that this method does not always yield trustworthy results, but 
it is serviceable for measuring larger differences of attentiveness, as 
are found in pathological cases. 

The second method of investigation consists of the marking tests. 
It is accurately explained to the person experimented upon what he is 
expected to do. A large piece of paper, on which tbere are printed 
50 lines of groups of dots, is placed before him. These groups, of 
which there are 25 on each line, consists of three, four, or five dots. 
The order of the various groups, which are more or less equal in 
number, is extremely irregular. 

1) Bıner. An. ps. XI. 1905. 
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The person to be examined was now instructed to mark the 
groups of four dots with a vertical and those of three dots with a 
horizontal line, in peneil, in as short a time as possible. The end 
of every minute was notified by the investigator and had to be 
recorded by a line. At the end of three minutes there was an 
interval of two min. and then (he work was started again for three 
minutes, but then with this difference that now the marking was 
reversed, the groups of four being indicated by a horizontal, and 
those of three by a vertical line. This was repealed on five 
consecutive days, however so that on the even days the reversed 
marking had to be done in the third minute before the interval. 
The standard of attentiveness could be determined from the results 
of this work in different ways: 

1. By the number of dot groups that had been examined by 
the subject. 

2. By the number of mistakes. 

After the grade of attentiveness had been determined in this way 
I have investigated whether the phenomena of confusion were to 
be found in the persons when the grade of consciousness sank. 

The memory was examined by the following method: 


The so-called “ Treffer’ Method of Münwer and Pırzecker, 

This consisted herein that during five days eight pairs of words, 
which were typed on a piece of paper and between whom an 
associative connection had been avoided as much as possible, were 
laid before the subject on each day. One of the lists follows here; 


Poplar Air 

Clock John 

Grey Willow 

Jacob Sleep 

Match Chestnut tree 
Violet Charles 
Letter Garret 

Earth Brown 


. These words are slowly read aloud in pairs and are then with- 
drawn from the subjeet’s observation. The first word of each pair 
was then mentioned by the examiner whereupon the subject had to 
name the corresponding word. By computing the number of 
_ correct, incorreet, and missing answers one could form an idea of 
the memory. 


9. The above named pairs of words were chosen in such a way 
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that three ideas, which eould be combined in the same general 
eonception, appeared three times on each list. In the list above there 
are tlıree trees, three christian names, and three colours. In other 
lists there are limbs, coins, birds,:names of eities etc. A quarter of 
an hour. after the examination with the “Treffer” method, during 
which other tests had been made, the snbjeet was asked which trees, 
christian names, colours ete. were on the list he had seen. Here 
again the percentage of correct, incorrect, and missing answers was 
computed. : 

The further investigations were for the purpose of determining 
the faculty of inceulcation, and the annihilation of freshly received 
‘impressions by later and stronger ones. 


Inculeation and reproduetion of numbers of two figures. 


A row of five numbers, which has been carefully selected so 
that in each test numbers of the same tens, the eombination of the 
same figures, and round tens, were avoided, was placed before the 
person to be examined. After he had read them aloud slowly twice 
he had to repeat them after an interval of one minute. Then the 
same test was repeated, but now with this difference that additions 
of two figures had to be done as quickly as possible during the 
interval. This test was repeated during five days and the results 
with the subsequent impediment, and without it, compared. 


Recognition of numbers of two figures. 


The test described above was afterwards made in a modified form. 
The numbers which had been observed and read aloud had now 
not to be mentioned, but were to be selected from a list three 
times as large. 

The percentage of good bad and nil-achievements in both tests 
was computed. A comparison between the reproduction througlı 
association and through recognition, and between the annihilations 
of subsequent work in these psychical functions was hereby possible. 


Ineulcation, Reproduction, and Annthtlation of Observations 
of simple little figures. 


The person to be examined is placed in a dark room before a 
box in which an opening of 10 em? has been made on the foreside. 
In the box there is an electrie Jamp, which throws its light on the 
opening. Small glass plates to which small drawings on white paper, 
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that has been blackened on the back-side, have been attached, are 
pushed into this opening. In front of the box there is another lamp, 
which is lighted during- one second automatically. As this light falls 
on Ihe drawings they are exposed to tlıe subjeet during one second. 
The subject has been told to remember the order of the drawings. 
The number of exposures necessary before he can do this is a 
measure for the faculty of inculcation. 

Then the same test is again put, but with the drawings in a 
different order and with this modification that the lamp in the box 
is turned on immediately after the exposure of the drawings, so 
that tbe full light out of the box falls on the eyes of the subject 
during several seconds after observation of the drawings. By 
determining how often under these eireumstances the observation 
had to take place for the subject to be able to name the correct 
order, one could now determine the retrograde annihilating influence 
of the strong light. 

Persons of various ages were examined by this method. The 
number of observations, the average of two tests, necessary to 
determine the order of the drawings, without and with the subsequent 
strong light, is expressed in the following table: 


Tr ———— -- m nn 
: ' With sub- 
Age | Number Ban obstacle | sequent light 
10—15 years 19 2.3 4.2 
16-40 „ 22 2.4 4.3 
above 40 „ 12 2.6 5.2 


The children have thus to see the drawings 2.3 times. In each 
observation they then remember 4$ or 43.5 °/, and with a subsequent 
strong impulse 4$ or 23.8 °/,. When expressed in percentages we 
get the following table: 


EEESEEESEEBERGESBR EEE 


er With sub- 

Age Number, |Without obstacle OR uent light 
10—15 years 19 43.5 23.8 
.16—40 „ 22 41.7 | 23.3 
above 40 , 12 40 19.2 


21 


Proceedings Royal Acad Amsterdam. Vol. XXI. 
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We now get a measure of the obstruetions by expressing the 
differences in percentages of the amounts of ineuleation. 


EEE GBESEEREEBEER 


Age | Obstruction 
ee N Fer En 
9—15 years 45 On 
io ans, si AR 
‚over 40 „ | 52 9, 


From these tables it is apparent that this investigation proves what 
is to be expected, that the inculcation is smallest above 40 years of 
age, and that the destruction of impulses received is then also strongest. 

These lamp-tests were modified in such a way that this investigation 
became serviceable for clinical purposes. Just as with the former tests 
we experimented on five different days, now however not ina dark 
room, but in broad’daylight. Four round eoloured dises were pasted 
on a piece of grey cardboard. These colours were shown to the 
subjeet during 2 seconds. Then, after an interval of 15 sec. he had 
to name the colours in the right order. If the answer was not 
correct, the colours were exposed till the correct answer was 
given twice in succession. 

The tests were then again repeated, but witb this difference that, 
after the observation of the colours, the light of an electrie lamp, 
in a little box, of which the eardboard with the colours formed the 
foreside, was exposed by the removal of the cardboard and the light 
allowed to shine in the eyes of the subjeet during 15 seconds. The 
influence of the subsequent strong light could be determined by. 
investigating how often the test had to be repeated to get the correct 
answer twice. 

This test was subsequently repeated in preeisely the same way 
with four figures eg. XO AD which are drawn in pairs next to 
each other on the cardboard, and afterwards also with three colours 
and three figures, which were drawn in such a way that there was 
a colour next to each figure. 

The result of these tests was such that in normal people a very 
slight destruction was caused by the subsequent impulse, but in 
persons suffering from dementia this was the case to an important 
degree. At my instigation these experiments have been repeated in 
a slightly modified form and the results obtained will be published 
in a thesis. 
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Sound tests. 


sale destonat 
)ox with cotton- 
wool, to such a degree that the intensity of the sound was 
only just above the border value. On the table in front of the 
Rn who regularly heard- the ticking,: there was a hubbub-maker 
of BARANY, which could be set going automatically throueh : 7 
contact, immediately after A By a 
made after the tick, with and without subsequent noise in irregular 
order, it can precisely be determined how often the weak a 
is lost by the retrograde power of the stronger noise. 
In thirteen normal persons and in three suffering from dementia 
(2 dem. paralytica and 1 dem. arteriosclerotica) twenty tests were 
made daily on each person during five days. 


Average number of observations. 


Namber Without subsequent With subsequent- 
strong sound. strong sound. 
Normal 13 | 97.1 88.9 
Dement 3 | 50.0 0 


The great disturbances in the observation and the enormous 
destruction in the sufferers from dementia are immediately apparent. 


Touch tests. 


lt can be easily verified that the observation of a slight rough- 
ness, which one feels by stroking the fingers over a flat surface, 
disappears when the observation is followed by a strong touch 
impulse. It is not necessary that the strong subsequent impulse 
should act on the same locality, but the preceding weak observation 
also disappears if the subsequent strong impulse acts on another 
part of the finger, or even when it acis on one of the fingers of 
the other hand. 

Tests were put in the following way, on one half of a smooth 
dise a layer of paper 3 mm. thick was pasted. When the dise 
revolves swiftly, the fingers, resting on the disc, clearly feel the 
unevenness. If now a larger elevation is plaved at some distance 
‚from this unevenness so that the finger will collide with this eleva- 


tion during the revolution, after it has passed the smaller uneven- 
21° 
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ness, then the first and weaker impulse will not be felt if the 
subsequent stronger impulse is not (00 far removed from it. By 
regulating the distance between the two impulses one can determine 
the reirograde destructive influence of the stronger impulse. In 
experiments made with people of various ages it became clear that 
there are strong individual differences. 

These tests are excellently suitable to demonstrate the retrograde 
influence of strong impulses, but there are so many sources of errors 
that I shall give up the description of the individual differences. 

A much better method consists herein that (he observation of a 
weak eleefrie impulse on one hand, which is noticed regularly, 
disappears when it is followed by a strong electric impulse on the 
other hand. 

After the description of the tests and the communication of the 
results I shall eommunicate the results of the examination of the 
subjects on whom the various methods of investigation had been 
applied. 

Fifty-three persons were examined viz. 14 normals, 9 neurotics, 
13 melaucholies, and 17 with intellectual defeets. This preliminary 
communication would become too extensive if 1 were to give a 
more detailed description of the subjects. I] want only to state that 
in the group of the neuroses there were 4 sufferers from hystery 
and 5 from psychasthenia, while the latter also exhibited hysterical 
stigmata. The melancholies were obstructed and depressed and some 
of them had mieromanias which were not present in others. Among 
the sufferers from dementia there were patients with senile dementia, 
dem. paralytiea, dem. praecox and dem. epileptica. The intensity of 
the dementia was strongly varying, but in no case was it so great 
that it caused any diffieulty in this fairly long investigation. 

In aceordance with the aim of the research, to acquire more 
knowledge concerning the influence of a depression of consciousness 
on the various psychical funetions, it is suffieient for the present to 
communicate the differences which’appear in the various groups of 
subjects in which there was a very large difference in the grades 
of consciousness. 


Esthestiometer. 


The attentiveness of the melancholies and especially of the patients 
with dementia is considerably worse than of normals and of the 
neurotics. 


The good achievements of the neuroties prove that the narrowed 


— - > 
|  Percentage of 
| correct answers, 


Normals 14 96.9 
Neurotics 9 | 98.1 
Melancholics 13 87.9 
Dements 17 | 76.9 


consciousness of the hysteries and the psychical disturbances of the 
psychasthenies caused them no diffieulty in concentrating their 
attentiveness for a short time on work which interests them. 


Underlining tests. 


—— nn a ES TEE Er PET BE Sn I er EEE TESTER 


] | LI Fr 

, Normal under- Normal under- | Reversed under- | Reversed under- 
lining average | 
work per minute | mistakes °/,0. | work per minute| mistakes %/go 


lining NP. of | lining average lining N®. of 


Normals 86.0 | 4.7 ae! 17.4 
Neurotics 714.6 9.5 59.9 | 23.8 
Melancholics | 66.8 7.1 52.9 91.0 
Dements 54.8 26.5 42.6 | 110.7 


The great differences in attentfiveness is apparent from the number 
of normal and reversed underlinings as well as from the number 
of mistakes. The automatic after-action, the perseverance, is increased 
strongly simultaneously to the diminution of the attentiveness. This 
appears out of the stronger influence of the normal underlining on 
the quantity as well as on the quality of the reversed during a 
depression of the attentiveness. Perseverance, continuing to eling to 
observations, conceptions or actions is a phenomenon that frequently 
oceurs in dreams and in acute confusion. 

It is also elear that the neuroties now, as opposed to the esthesio- 
metrie test, achieve considerably less than the normals, probably on 
account of the eircumstance that (heir attentiveness had now to be 
settled on a work for a longer time. 


Test with the method. 


Parallel to the descent of the grade of conseiousness the number 
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Percentage of answers. 


Correct Incorrect _ No answer 
Normals 43.2 24.2 32.6 
Neurotics 35:9 3172 | 33206 
Melancholics 24.5 30.5 | 45.1 
Dements 23.0 | | 41.2 


of correet answers decreases and the number of incorreet ones 
inereases. The lessening of the fixation of associations must be 
considered as an indieation of the very defective eonception in acute 
eonfusion, in which it is often a striking symptom so that, no matter 
what trouble the patient takes, it is not possible to digest, to assi- 
milate the external impressions. 

The inereasing number of incorreet answers indicates a loosening 
of the associations which must be considered as a rudimentary forın 
of a lack of the connection between the conceptions in the same 
way as this makes its appearance in acute confusion. This falling 
out of the associative connection is so essential in this disease that 
this has been named after it. 

In our subjeets the diffieulty of fixation of- impressions causes 
disturbances of memory, as are found in acute confusion of a very 
high degree, and which correspond to the depression of conscionsness. 


Redueing specialised conceptions to general ones. 


Percentage of answers. 


Correct Incorrect | No answer 
Normals | 6783 4.4 28.3 
Neurotics 63.9 5.2 30.9 
Melancholics 53.2 8.3 | 37.8 
Dements 42.2 12.8 44.7 


While the assoeiations by contiguity and by simultaneousness 
were examined more especially in the preceding test, the association 
by agreement plays the greatest role in this the last research, i.e. the 
reduction of a special to a general conception. 
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Here again it is apparent that the impulses are more strongly 
fixed in the presence of a better attentiveness. 

The inereasing. number of ineorreet answers and the strong lower- 
ing of the grade of” eonsciousness indicate that the paramnesias, 
which occeur in acute confusion in a much higher degree, so that 
they then often oceasion confabulation, are dependent on these. 


Ineuleation ‚and reproduction of numbers, with and without 
subsequent work. 


ar Without “with 
BT U Be) Acsz 12 
Correct | Incorrect , None Correct | Incorrect None 
. l | = l ne 

Normals A 2.9 54.3 33.1 12.6 
Neurotics EB ee BT 52.90 | 27.6 19.6 
Melancholicsoe | 60.9 31.7 ıR BB. Br, Ara 720.0 
Dements | 44.0 8 | 17.9 26.4 48.0 25.6 

| | | 


It is in the first place apparent from these tests that the number 
of correet reproduetions, with as well as without obstruction, here 
decreases sharply with the stronger lowering of the grade of cons- 
ciousness, and in such a way that the minute lessening of the 
attentiveness in the neuroties is aceompanied by a slight disturbance 
‘of memory, while the much stronger depression of attentiveness in 
the sufferers from dementia is acceompanied by a much stronger one. 

If we compare the correet answers with and without obstruction 
it is clear that the destruction of remembrances is caused by the 
subsequent work. When we consider the decrease of the achieve- 
ments in the percentages of the correct answers, with and without 
subsequent work, we come to the following table. 


Destruction by subsequent work. 
le ee un 


Normals 20.5 
Neuroties _ 20.1 
Melancholics 36.3 
Dements 40 


The retrograde destruction by subsequent work thus increases in 
aceordance to the lowering of the degree of conseiousness. This 
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phenomenon makes its appearance in much stronger measure in 
acute confusion, in which often nothing is remembered. Freshly 
received impressions were immediately destroyed by subsequent 
psychical contents. 

There is another phenomenon worth mentioning. The number of 
incorreet answers incereases in accordance to the lowering of the 
grade Of conseiousness. This has also been proved by the preceding 
tests. The neuroties however form an exception to this rule. Of all 
the people examined they give the smallest number of incorreect 
answers. This phenomenon is explained by the characteristics of the 
psychasthenies, who are withheld from giving an answer by all 
sorts of seruples unless they are absolutely certain. The normals on 
the other hand will guess at a number if they have remembered 
one figure only. In tracing all the answers separately this becomes clear. 

The stronger inclination of the psychasthenies to keep silence - 
rather than give an incorreet answer also becomes clearly apparent 
if we compare the percentage of incorreet and nil-answers of the 
total number of answers which were not correct. 


Answers that were not correct. 


Percentage | Percentage 

incorrect | unanswered 
Normals 90.9 | 9.1 
Neurotics | 79.0 | 21.0 
Melancholics | 81.1 | 18.9 
Dements 68.0 | 32.0 


The number of incorreet answers is smaller in the dements than 
in the melancholies. 


Recognition of numbers, with and without subsequent work. 
ro - Ense 


Without With 

| na el - 

C Eng | nans 

orrec ncorrect en Correct | Incorrect er 

EEE ER EN I 2 ur wu, Fe.) 

Normals 80.6 19.4 0 18.0 21. 0.3 
Neurotics re 4.4 72.9. | 20.0 1.1 
Melancholics 69.5 2502. 902 62.8 30.5 6.8 
Dements RZ 36.2 6.6 48.5 |E 4271 9.4 
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An important influence of the grade of 
perceptible. There is hardly any difference between the neurotics 
and the normals. The power of raising conceptions of remembrance 
through observations is thus lessened in accordance to the loosening 
of the attentiveness. If this phenomenon makes its appearance in 
such a degree that the observations remain independent and that 
20 conceptions of remembrance can be brought into connection with. 
ihem, then desorientation takes place, a phenomenon that is usually 
present in acute confusion. The retrograde influence of subsequent 
work is here not so strong by a great deal as was the case in the 
preceding test. This is especially apparent from the following table. 


conseiousness is here 


Destruction by subsequent work 


Normals 322 
Neurotics 1123 
Melancholics 9.6 
Dements : 1502 


In the normals the retrograde influence is nearly absent, in the 
dements on the other hand it is very clear. i 

The uncertainty of the psychasthenies is apparent in these tests 
in the same way as in the preceding and again becomes clear if 
we compare the percentages incorrect answers mutually and the 
nil-answers mutually, of all the answers that were not correct. 


Answers that were not correct 


Without subsequent With subsequent 
obstruction obstruction 
percentage |  percentage percentage | percentage 


incorrect |  unanswered incorrect unanswered 


Normals 100 | 0 86 | 1.4 
- Neurotics 714.7 | 2028 13.8 | 26.2 
Melancholics 82.6 17.4 82.0 | 18.0 
Dements 84.6 | 15.4 81.7 | 18.3 


Jd 
The number of ineorreet answers is smallest in the neurotics, 
while here the number of nil-answers is largest. 
Inculeation, reproduetion and destruction of the observatıon 
of simple figures. 


These tests were not made on the 53 subjects mentioned above, 
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but on 41. They were repeated during five days. The method of 
experimenting and of computing the results was tbe same as that 
which has been described more in detail above. 


' Without subse- ' With subse- | Destruction 


Number ı quent light | quent light 
| | | 
| | | 
Normals | 12 | 0 Bere, 38.4 52.7 
Neurotics | 3 ET hr 53.2 
Melancholics 6 | 58.6 298 56.7 
_ Dements | 10 | 2 eh 11.6 60.4 


It is remarkable that the inculeation decreases regularly as tlıe 
depression of consciousness becomes larger, and that the dements 
especially achieve much less. The destruetion of the newly received 
impulses inereases as the grade of conseiousness becomes lower. 

By this research it is apparent that the phenomena of acute 
confusion are present in the bud in the normal and pathological 
subjeets examined, and that they increase as the grade of con- 
sciousness becomes lower. 


Mathematics. — “On the direct analyses of the linear quantities 
belonging to the rotational group in three and four fundamental 
varıables”’. By Prof. J. A. ScHnovrex. (Communieated by Prof. 
CARDINAAL). 


(Communicated in the meeting of September 29, 19171. 
Quantities and direct analyses. 


By a (geometric or algebraic) quantity existing with a definite 
transformation-group we mean, according to F. Kreis, any complex 
of numbers (characteristic numbers of the quantity), that is transformed 
into itself‘) by the transformations of that group. Quantities only have 
any signification and only exist with definite transformation-groups 
and may be “disturbed’’ as such witlı other groups, whose trans- 
formalions do not transform the eharacteristie numbers into themselves. 
They are completely determined by their mode of orientation, \.e. 
the mode of transformation of their characteristie numbers. The 
variables of the group are called fundamental variables and are the 
‚characteristie numbers of a Jundamental element. \f the group is 
the linear homogeneous one in n variables, the simplest (quantities 
are those,- whose characteristie numbers are transformed as the 
determinants in a malrix of » fundamental elements independent of 
each other, p—=1,...,n. With a homogeneous interpretation of the 
fundamental variables they correspond to the linear R,_,-complexes 
in R,_ı, provided with a number-faetor. All the quantities, whose 
characteristie numbers are transformed in that way under the trans- 
formations of the rotational group, we call linear quantılies. 

By a direct analysis we mean a system of an addition and some 
multiplications by means of which we can express the relations 
among quantities of a definite kind left invariant under the trans- 
formations of a definite group. Every quantity is in the analysis a 
higher complex number. Till recently suchlike analyses were brought 
about by choosing for multiplications some characteristically distri- 
butive .combinations conspieuous in geomelry Or mechanies, -and 
uniting them into a system as well as might be. Owing to the great 
number of existing combinations of this kind arbitrariness "could not 
fail to arise, and this led to the formulation of many systems, the 
adherents of which have been involved in a violent polemic for 
these twenty five years. 


l) e.g F. Kıei, Elementarmathematik vom höheren Standpunkte aus. Leipzig 
(09) II p. 59. 
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Application of Kımın’s Principle of Classification. 

The author of this paper observed in 1914) that it follows from 
the application of Kuem’s principle of classification to analyses 
belonging to definite quantities, that lo a given group of transfor- 
mations and given quantities belongs a completely determined 
system, which may simply be computed. This was practically done 
for n=3, the rotational group, and quantities up to the second 
order inclusive. In a more exhaustive investigation contemplating four 
different sub-groups of the linear homogeneous group the same was 
executed for arbitrary values of n and for quantities ofan arbitrary 
degree’). We shall briefly state some results of this investigation 
bearing on linear quantities, "in partieular for n=3 and n—=4, 
founded on the: 

rotational group (a? +... —+ a,’ invariant, det. —=-+ |) 
and availing ourselves of the: 


orthogonal group (a” + .»: + a,” Invariant, det. = *1) 
special-affin. group (lin. hom. with det. + 1) 
equiwvolumınar group (lin. hom. with det. # 1) 


linear homogeneous group 
for further classification of the quantities existing with the rotational group. 


General symmetrieal and alternating multiplieation. 

Three multiplications of fundamental elements exist with all the 
sub-groups of the linear homogeneous group and for all the values 
of n, viz. the general, the symmetrical and the alternating one. 

The general product of p fundamental elements has n» characte- 
ristie numbers, being the products of the eharacteristie numbers of 
the factors. Their mode of transformation is entirely determined by 
this definition. We express the produet in this manner: 


o 
BO ABS... C Anal. a De 


e ° 
By isomers of a,....&, we mean all the general products that 


can be formed by permutation of"the faetors from a ®: a,. An 
even respectively odd isoıner is concomitant with an even resp. odd 
permutation. The symmetrical product of a,....a,, is the sum total 
of all the isomers divided by their number p/!: 

Sn 1 o 


AUNEESTT. w2.1 I DBBgiEru gg sul aa a ee) 


The alternating product is the sum of all the even isomers dimi- 


') Grundlagen der Vektor- und Affinoranalysis, Leipzig (14). 


I die Zahlensysteme der rotationalen Gruppe. Nieuw Archief voor Wiskunde 
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nished by the sum of all odd ones divided by p! and may be 
expressed as Cayleyan determinant: ; 


6) 


aı mr a2 7 Ta Kir nA u=a. ee . 4, = 


(to be 
developed 


according 
to rows). 


a Palo yo 

The alternating product of p» fundamental ans is a linear 
quantity for p<n. For p>n it is zero. A symmetrical produet is 
never a linear quantity. 

The Associative Systems R,. 

Classifying up to the lin. homog. group inclusive, the system 
belonging to the linear quantities is R\, which is an associative system, 
entirely determined by the rules: 


A ei e; ee; He; 
ei-+ei=k e;-e;=k 
- 4 
ee ie BET En. N 
e12..n=1 610,46 = 1 
4 


. 4 
Berk eln.eLvreideıisehhttei=nt dr=m en... 
ren ‚ı‚_p 6. = Du — 
I ee eb Re Be ze ru A BE 1 Een 


n (u—1) 
®\,...., &, are the covariant fundamental units, i.e. units of a 
fundamental element, and e@’,,...., @’„ are the contravariant funda- 


mental units belonging to characteristie numbers, transforming 
themselves contragredientiy relative to the fundamental variables. 

When celassifying up to the equiv. group incl., the system R, is 
constituted, being obtained from the preceding one by the identification 


1-1. 
and being entirely determined by the rules: 
eye yg Hin; | . 
a ei=k / Be reitiele hl 2098 mer RL 


— 
er een.) 
Bar un 1 
B=1-4 1= 9-1 
Quantities, whose units, apart from an eventual factor I, do not 
contain two equal fundamental units as factors, exist unlike the 


“Die direkte Analysis zur neueren Relativi- 
Sectie I Deel XII N’. 6 we consider 
eie;—eiez 


also not linear quantities and we write ei ej = ®ij and + e; = a: = eij 


)) In a more exhaustive investigatlion 
tätstheorie”, Verhand. der Kon. Akad. v. Wet. 


ete. For more convenience we write here ei4 ej=®ij. 
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others with the lin. homog. group too, and are called projective 
quantities. Then they are of the sub-degree (Dutch : ondertrap, German : 
Unterstufe) p, when the number of the factors of the units is 9, 
a .,‚2n, and we write them „a. The others are called 
orthogonal quantities. All linear quantities may be composed of 
projective ones and powers of K. 

When elassifying up to the special affın. group inelusive, for n 
odd the system ZA, is obtained from the preceding one by the 
identification : 

ke 2. he 

. The sub-degree p, pZn coincides with the sub-degree (n-+p) and forms 
the degree (trap, Stufe) p. For n even no system is feasible here, because 
lI+e=—e-+l, ren (6) 

hence identification of I with an ordinary number is impossible. 


ae . . 0 e 
When celassifying up to the orth. group inclusive, A, arises out 


of Ry, by the identification 
ke N EA ER 
The system makes no difference between projective and non- 
projeetive quantities. The sub-degree p, p<n ceoincides with the 
sub-degree (2n—p) and forms the by-degree (neventrap, Nebenstufe) p. 
When elassifying up to the rotational group inelusive, for n odd, 
R), arises out of AR} by the identification 
I= ken.) 00 Eee 
Neither does this system make any difference between projective and 
non-projective quantities. The sub-degrees p, (n—p»), (n -- p) and (2n—p) 
coineide and constitute the prineipal degree (hoofdtrap, Hauptstufe) p; 


n—1 n 
PEnsnen 3 -for n odd and n’ = = for n even. In all these 


systems the associative product of dissimilar fundamental units is 
equal to the alternating one. 

The systems AR, are the products of original systems and prineipal 
rows‘) according to the general formulae: 


£ n—1 \ 
RR he 

e n—1 
K=H,:.08 

ve 9) 
R=H, 03% 
n—1 

a lag 


') Cf. Grundl. pages 11-18. 


331 


for n odd and n \ 
\ a ln nn ak 


n 

da — 

R, ==, 032 , 

for n eyen, where O0; denotes an original system of the order d and 

HA; a prineipal row ofthe order i. But for some divergence in + and — 
0 ; 

signs the systems A, are identical with ULIrFFoRD’s n-way algebras'). 

lf none of the units is privileged the choice of the numbers 

oceurring in the identifications is altogether determined by the 

dualities existing in the different groups. There are four altogether, 

and we shall call them: 


A- n—1A a-ß ie 
A- n41d @a—Y 
A- 2n—ıd an) 
a-a’ 2 —E& 


From tbe mode of transformation we concelude for the existence 
of these dualities as subjoined: 


Duality: a-ß r-Y a-d a-E& 
Group: n even nodd | neven | nodd n even n odd 
P urL = | ix % { 

linear | | 
homog. 2 — av: gr re > m 
equivo- + = Zu | — + | es 

\ ; for n=2| ı for n=2 | | —=a-d 
lumin. identity 


identity 


gas | 4 -H identity | identity | — Nee 
affın | | 
orthogon. identity | identity identity 


rotation | identity identity | identity | identity | identity | identity identity 


“ + = existing, — = not existing. 2) 


1) Curronp's systems have been worked out by J. Jony, Proc. Roy. Ir. Acad. 
5 (98) 73—123, A manual of quaternions (05) 303—309. He gives geometrical 
applications after the manner of the quaternion-theory without decomposition of the 
roduet. A. M’Auray has elaborated this matter as well, Proc. Roy. Soc. Edinb. 
28 (07) 503—585. These papers do not aim at a foundation on the theory of 
invariants or a closer investigation of the fundamental groups. BI 

2) The squares of the dualities not founded on contragredience have been indicated 
by blacker demarcation. These dualities only exist when n ıs even. 


| 


| 
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The associative Systems Rz and Rı. 


If we call the unities of the sub-degrees (n—1), (n+1), and (2n—1) 


ne En 7, 64% ’ 
corresponding to e;:e;', e; and e; and (he contragrediönt unities @;, 
the rules of ealculation for n=3 are: 


u = — e’a3l 
e23 = — el | 
| eı2a3 =1 
eis =1 a-p: — 
R; — el’ = e’23 a-y: 
— el’ = ei ud 
IV —= rI =+]1 a-Eı — = \ 
em k eu —=k | 
e-e4= e’ı ei = —'l. " cyci,1,2, 27. 
a  =oj—eg.l= I—eı I= es I 
Be Da 
623 —= ei — | | —eı I j 
= — | 
013 = |— eısl= '— eı23 I | 1a =I a-8:— (11) 
Dee: ee | | 
/ | | ’ a-Y2— 
R3ı—e I= ea. = Bir i= a3 
. Me - = a-d: + 
—e3 I= |—eı I= eis 1 ei  . 
eısl= | —eıs3 = | — 0193 = e1asl ?=—k’=+1cycl.1,2,3 
eıı. =k ei En er-ı=k | ec =—k & 
—ke3=|ec = e23’= \— ker F 
Ken) By= ee k? e’o3 a-B:+ u 
Rz | iden- E 
e193= e123= =1=k’=—- hamyztity (12) | 
eil = k er = 2 a-d=a-B. 
a-2=a-/7 | 
CyeLTt. 253 4 
eis I= —eı3 = =—- ß=+] 
— et3.l=lecı = au — — e23 1 re 
= U-Yi— (13) 
IR —e =} —— = ° 
3 1:29 e23 be [31 Be 
e123= —e31= | =I tity. 
a... a-e: identity. 
ar | eyeh A238, 


I) *Cyel 1,2,3,...;n’” means that the numbers l,...,n may be substituted 


by any even permutation of these numbers. 
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6 =e23 a-ß identity 


| a-y ir ea n wi) 
eı =—l a-d e 
Dar ur d-E£ „ 


eyel.1,2,.3: 

With a non-homogeneous rectangular interpretation of the funda- 
mental variables e, is a polar vector, 0, an axial bivector, e, an 
axial vector, e', a polar bivector '), I a projective, and K an ortho- 
gonal “pseudoscalar”, ke, a polar, and k’e,, an axial versor (qua- 
ternion with tensor 1) without scalar part. R3 ineludes and diseri- 
minates all these quantities, %3 identifies polar quantities with axial 
ones and I with an ordinary number, A%3 identifies all the polar 
quantities and all the axial ones as well, and k with a common 
. number, whereas in ZA3 only the difference between vectors and 


ordinary numbers exists. 
The rules of caleulation for n—=4 are: 


| g = e’234 1 
en = —ey4 | 
(= en I 
8234 = (u 
e1234 = e’1234 rn 
el = e’234 er 
R; en er a - 0: -— 
— el = e’12 | REN 
e23,l’ = e’ı | ae 
ıp | Pi ze cycl. 1,2, 3, 4. 
| 
eg = eı=K | 
eı-eı = e’ı 61 I=+1 
| 


l) In space these quantities have the symmetry-properties of a line-part with 
direction, a plane-part with rotative direction, a line-part with rotative direction 
and a plane-part with + and — side, all conceived as parallel ‚removable with 
respect to themselves. For n odd it holds good that po'ar quantities change their 
sign, when the + direction of all axes is inverted, and tlıat axial ones do not 


change their signs. 99 


Proceedings Royal Acad. Amsterdam. Vol. XXI. 
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ei = | —jeygu = | ia >= e'a34 1 | 
e12 = —- e'34 = e19 a e’34 I 
es = |— en I- a ee! 
ee lee ei | |. @-B:$ | (compli- 
e1234 = e'1234 = es = |  eıasa =] @-Y:+)) cated) 
eı I= | -iesas I= a — e’234 | ae (15) 
= | = neo 
—eı I= kB Er | SE 
-e3ı I= en = | = ei2 
ea, I= |— ie = |- im = | oe | 
ensul= | ei234l= | eımsul= | eiasal =P=-kK=+1 
ei  =k er. eı =k ei =K | 
| > a’ 
e1234 1 = | e1234l= -?=+1 
e23ı1= | & == ee > | r 
—e4 I=jen =. |! en = we es I a-B: er 
— en I=|u = | u = ml ee ge: (16) 
| > = «@- d: identity 
al a = —iens4 a-e: identity 
61234 = | e1234 = ; =%l-cyd.1, 28, 
ei =+l eı =+l 


The dualities «- 8 are complicated ones in this case, i. e. dualising 
leads say for «- 2 from e; to e';, from @'; to — e,, from — e; to — e@'; 
and from — e'; again to e;. This complicated duality always exists 
for n even ''), as long as one of the units is not privileged. If one 
of the units is privileged, or, to put it otherwise, if we derive the 
system belonging to the group, leaving invariant the quadratic form 


= a, x ar er eet 


we find, when classifying up to the orthogonal groups inclusive, 
the system: 


!) The complicated duality exists also in Grassmann’s Ausdehnungslehre for 
n even. 


eo = 6123 €0 €123 
1 =— 808 6 70 =- 08 
e01 = — &1 
e2 =+ e12 en 
3 “ ae—p: 
eo =+1 eo =+1 (17) 
’ i ei | o-y=a—ß 
Ren =-1 eı =-I ... Iden- 
be % Dal 
| &wi23 =-—-I1 un 
t Ze I iden- 
= N Pen U-E: h 
eo | eo Be; tity. 
eı I=+eı nn — 
2 een eycl. 1,2,3. 
eoı I= e23=eo3 — eı I= e93 = ea 
el on, Pete en le eng=en ) 


with non-complicated duality. This system may also be obtained 
from the preceding system AR, (page 334) by the transition e, —e,, 
— te, —8,,etc, e —>e,ie,—e, ete. It it noteworthy that, for 
n=4 the theory of relativity (for the space-element) exactly corre- 
sponds to this more simple system. 

For non-homogeneous rectangular interpretation of the fundamental 
variables e,, and e,,, are a vector, resp. a trivector of the first 
kind and Ie, and Ie,,, are the corresponding quantities of the 
second kind‘). I is a prfojective and k an orthogonal pseudoscalar. 


Ri} contains and distinguishes all these quantities. R} identifies a 
vector resp. a trivector of the first kind with a trivector resp. a 
vector of the second kind and k with an ordinary number. 


Decomposition of the Associative Product. 


The assoeiative product of two projective «quantities of the sub- 
degrees p' and g’ and the prineipal degreespandg,p, 1 <m,p<g 
consists in tbe most general case of p +1 parts, each of which 
being a product of a projective quantity with a certain number of 
factors K. As a distributive combination each of these parts is a 
product itself. The number of factors K is called the transvection- 
number of this product and this number is at most equal to the 
smallest of the numbers p’ and g’. We call these produets, if p’ 
and g’ are both <or both >n’, beginning from the lowest and 
otherwise beginning from the highest in sequence: 

I) The eustomary distinction for n odd between polar and axial quantities does 
not hold good for n even. 
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(first) vectorial product x 
second ,, »» 2 
(only for p even) «-th middle product, —z +1. 


second scalar product ® 
first scalar product 

With this notation, which is in agreement with the existing dualities, 
products that are identical with the rotational group obtain the same 
name and the same symbol. Owing to the identifieation of Iand k 
with common nnmbers the first middle-produet is identical with the 
product of ordinary numbers mutnally and with other quanfities, 
hence its symbol may be omitted as being customary. 

The rule of transvecton. 
If each factor is an alternating product of fundamental elements: 
ya=aı rt Ay’ 
Er 
eb=bi....Dy 
we can form the combination: 

(a, bi) (ap-ı.be)....(ay—irı.bi)äı.... avi bi+i1....Dig 
repeat the same for all p'! resp. q’ ! modes of notation of „a and »b 
and add the results. 

The sum then consists of p'! g’! terms, equivalent to each 
other in groups of (p—i)! (—ı)! i!. This sum divided by (p'—)! 
(—i)! i!, or, stated more briefiy, the sum of (p') (g) e/ arbitrary 
difjerent terms, is called the :-fold-combination of „a and „b. The 
i-fold combination is now equal to the product with the transvection- 
number ?. The transvection-number of a product being known, we 
can hence write it down from memory by tbis rule. 


The free rules for R, and R,. 


Hence the free rules for R&, Rss R and R3 are: 


Transv. 
0 ax<b= quantity of the second sub degree. 
1 a.b= scalar in k resp. 1. 
0 a.(bXc)=aXb.c= scalar in I resp. 1.') 
1 ax(bXc)=(a.b)c-(a.c)b 
1 a(bXc.d)=(a.b)(cXd)+(a.c)(dXb)+(a.d)(bXc) \ (18) 
1 (axXb)X(exXN)=(b.e)(axd)—-(b.d)(aXec)+.... 
2 (aXb).(ceXd)=(b.c)(a.d)—(b.d)(a.c) 
2 (aXb)(eXd.e)=(b.c)(a.d)e-(b.d)(a.c)e+.... 
3 (aXb.c)(dXe.f)=(c.d)(b.e)(a.f)+(c.e)(b.f)(a.d)+... 


') In alternating products the brackets have been vmitted for the association 
(-.)., so that we write the alternating product of a,...., ap: 


a1 X a2 X....X an Kane Antee ne... dp 
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The four systems differ only by the different signification attached 
to I and k. Ay is the common veetor-analysis, in which no difference 
is made between polar_quantilies and axial ones and between vectors 
. and bivectors. R3 distinguishes between polar quantities and axial 
ones. In GisBs’s form of this veetor-analysis, owing to the groundlessiy 
introduced + sign ine, .e, =— 1, the formulae acquire apparently 
irregular changes of + and — signs and the transvection-rule 
becomes ineffectual, so that the formulae stand side by side independ- 
ent of one another and can be used only by means of a table. 


When applied to units the rules for R3 and R3 are: 
\ 


eı Xeg =- eg Xeı =ena e23 X e12 = eg 
eg .cı=—|1 ei2.. en =-—|1 
Re. e3=—1 ei I=len =— es eycl.1,2,3. 
eı Xer=— e=+1 | £ 
eıl=leı=— es 
R,, are "tych. 1,,2,,330 20020) 
e . es =—|1 


The rules (18) and (20) can be dualised according to all existing 
- dualities as given in the table. 
The free rules for R4 and Ri are: 


Transv. 

ne aXb= quantity of the second sub-degree 

a.b=scalar in k resp. | 

0 aX(bXc)=aXbXc 

1 a.(bXo)=(a.b)e—(a.c)b 

0 a.bXcexXd)=aXbXec.d=scalar in I resp. | 

1 aX(bXeXd)=(a.b)(ceXd)+(a.c)(dXb)+(a.d)(dXe) 
1 a(bXcXd.e)=(a.b) (eX dXe) —(a.c) (bXdxXe)r... 
0 (aXb)X(eXd)=axXbXe.d 

1 (aXb) * XI) =b.)axXd—b.dAaX dr...) 2 
2 (aXb).(eXd)=(b.c)(a.d— (b.d)(a.e) 

1 (aXb).(eXdXe)=(b.o)(aXdxXe)t... 
2 (aXb)X(ceXdXe)=(b.o)(a.d)et... 
2 (aXb)(eXdXe.N=b.c)la.d(eXdr... 
2 (aXBX)X(AXEXT)=(e.d)(b.e)aXxNr... 
) (aXbXe).(dXEexXN=(.d)b.)la.NMr... | 
Br (aXxdpXo)(dXeXt.=(e.d)b.e)(a.Ngr... 
4 (aXbXe.d)(eXtXg.h)=(d.e)c-Nb.)a.hr.: 


independent of the units used, viz. @,, @,, &, &, or &,, ©, ®,, ®,. 


1) The index 2 under * is for simplieity omitted. 
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v 
When applied to units the rules for A, and for ®,, 0,, ®,, e,are: 


eı X =—&Xe =en ei2 * e3 =eı3 | 

a | en. ee 

eı Xes =eıs=ie eı2 . 6234 = 0134 cycl. 1,2, 3, 4. 

ei .ea = er Xe3=— 63 duale | 

6 . el eıel=leıa = — e% (compli- (22) | 

eı X e123 = ea3 e123 X 8234 = — 14 

eal=— le =e4 = —ieı ©1923... Bra = cated) 

e12 xesı=1 e>34 I= — lea34= eı ' 
P=+1 | 


and for 0,,0;; 0:85: x 
(See for formula (23) page 339). 
The quantities of an even by-degree- form a sub-system with 8 


units and the rules: 


ih*+k=-bkb+ ih =i ı*« a =-p*+jı=-is 
i-p=-je* ii =js ji +k=-iex jı =j3 
el mer eycl. 
lı 1 1 ii \ (24) 
Iı sul=-jı li sjjI=+iü 152.3, 
ı Sl eh <hbel (a 
ER | jı = eı 


But these are the same rules as those for the units e,, @,, 0,, ie, 
ie,,ie, of Ay with ordinary complex coeffieients, so that the free 
rules for R, also hold good for quantities of an even by-degree 
OR, if, instead of X "and. we introduce the symbols * and 
x=.+xX: 

2a * 2b = quantity of the second by-degree 
| 


fi 


2axob=scalar in I and 1 
2a X (eb x ac)=2a # ab X ac | 
2a x (2b * 20)= (2a X 2b) 20 — (2a X ac) »b 
2a (2b #* 20 X 2d)= (2a X 2b) (ec. * 2d)+.... 8 (25) 
(2a * 2b) = (ec * 2d)= (eb X ac) (2a x 2d)+.... 

(2a * 2b) X (ec # 2d)= (eb X ae) (sa X 2d)+.... | 

(2a * ab) (ec # 2dX 2e)=(eb X ac) (saX sd)ee+.... 

(ax 2b X c)(edx 2e X 2f)=(2c X d)(eb X 2e)(ea X at)1=x; 

Hence these rules may be written down from memory, as well 

as the others. 


The System Ri and the theory of relativity (in an element of 
Four dimensional space). 
Fragments of AR, have been used by various authors!) on the 
theory of relativity. With them -five products oeeur and two of these 


) H. Mınkowskı, M. ABRAHAMm, A. SOMMERFELD, M. LAuk, PH. FRANK. 


EEE EREDEN 


— 


| 
| 


— 


kam) ee 
9 =29 —- =29[] =]? — ce —=89 = 109] ——= [109 — ‘809 = 809 — = 819] = ][ 819 9 = = 19 [=]! 
[|-=29 ' 79 ‘'p+=10 ' 100 | -=319°'39 ‘j+=109 ° 100 


219 =2319 = 189 x 669 219 =819 = 189 # 839 


209 = 2809 — —= 619 * 109 9 — 219 —-=309 * 10 209 = 809 —— 819 * 109 219 — —= 819 ——= 809 * 109 
1-=8%%x 109 1= 29x 109 

19 — = 8609 = n1=1] N — Ta; = 809 9]-=]% 

9-79 =9]=]N — n=-829=09]-=]% 

£09 — — en = 9X 19 She NZ 19 

ae Ta a 

I-=» 10 109° 00 u = %"% 

3=19 '’9 '9-=0l9 ' 1 De alle) 19 19 — 109% 097 220970 = 019 219092 2 Toner 
de 2109 = 819 X 09 ‚0a = #819. = 889 X 19 —-=219=219%xX 0% . 09 = E2l9 = 889 X 19 
[= +=9'% |-=-hyn'% ı+=9'% 

19 =! = IX 9 — = 9X 19 9 =[Hr = nDxXx9—-= x Ia 

19 -—=19=09%X 9—-= 9x 09 Den 9x n-= 13x 09 


89 ‘39 ‘19 ‘09 10) PUB 
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said products are doubled by introducing the “dual” biveetor (dualer 
sechervektor) '). E. Wırson and G. Lewis have further elaborated 
the system and obtain all the products, but three‘). All these 
conclusions are founded on analogies with the common vector-analysis 
and the multiplications form no parts of the associative multiplication. 
Therefore the free calculation-rules cannot immediately be put down 
from memory according to the transvection-rule, but in so far as 
they exist they only allow a use by means of a table. The names 
scalar and vectorial 100, have been divided over the existing 
multiplications by analogy and not in agreement to the duality a&—y. 


WiıLson-LEwIS | | SOMMERFELD, LAUE, etc. 
+axXb axb=x [a b], vectorial product 
—a.b an bie | [ab], scalar n 
+aXob | ax ab= sc Ic= [a 2b*], vect. pr.w. dual bivect. 
+a. eb a..b=c — [a eb], vect. pr. | 


tka=rak al= —1la=3;b*) 


+ aX 3b "Sa, DBeuch) 


auch | a ab ac le 
+24X ab saxXab=4c*|»| Iıc=(ea2b*), scal. pr.w. dual biv. 
2a* ab=ac ‚= [2a 2b], vector pr. (G. MiE) 
E 

=2a.2b | 2a.2b=c |=| —(aob), scal. pr. 

R je P} 
tksa=t2ak sal=12a=3b*)|? — .b=+ 2a* 

kk=-1 E=+1*) 


tk3a=+3zak 3al=— Iz3a=b*) 


3a... ab =7sc 


— 34 .2b 3aX ob= c 
+3a.b a. bc 
3aX b=sc 


') This is not a proper duality, because in the only duality existing with the 
orthogonal group, Q-y, a bivector e.g. @, is not dualistic to the “dual” 
bivector Iejs, but to &,, itself. 

?) The connection with an associative OLIFFORD algebra and the absence of 
three products has already been briefly pointed out by J. B. Suaw, “The Wırson 


and Lewis Algebra for Four-Dimensional Space” Bull. of the ; 
(13) 24-27. var . of the int. ass. for quat, 


N nee ee 
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Therefore this duality does not attain expression, not even in the system 
of Wırson and Lewis, though they use unils of the kind 0,,0,,0,,6,. 

The foregoing table (subjoined pP. 340) presents a summary of 
the products used by. various authors. 

The table has been arranged dualistically. Each produet has been 
indicated by an example. For the multiplications we used in the 
columns 1 and 3 the anthor’s own notation, but for the quantities 
we used all through the notations adopted in this paper. The dual 
bivector only has been written with the customary asterisk, while 
the commutative scalar of Wırson and Lewis has been indieated 
by 4. The products marked with *) do not correspond exactly to 
the other systems, because these systems do not confain the non- 
commutative scalar I. | 

The system AR% contains the existing fragments and all the 
existing multiplications and rules, and owing to the free rules of 
caleulation (21 and 25) it is eminently suited for practical purposes. 


The system R2 and the elliptie and hyperbolic geometry in three 
dimensions. 


With a homogeneous interpretation of the fundamental variables 
RR corresponds to a projective geometry in three dimensions, a non 
degeneratell quadratie surface being invariant. If the units are 
selected according to- (16) the equation of the absolute surface in 
point- resp. plane-eoordinates is: 

are a wm) 
u’ tu +u +u’—=0 
and the geometry is elliptie. If, on the other hand the units are 
selected according to (17) the geometry is hyperbolie. The free rules 
of the system are the same for botlı cases. To a fundamental 
element a point with a number-value corresponds, to a quantity of 
the second degree a sum of linear elements (Dyname) and to a 
quantity of the third degree a planar element. The sub-system of 
the quantities of the second by-degree is a fornı of biquaternions, 
which was first mentioned by Cwirrorp') as a system of linear 
elements in a non-euclidie three-dimensional space. Hence the 
system R? eompletes these biquaternions to a System which also 
contains points and planar elements. 


ı) Preliminary sketch of biquaternions. Proc. Lond. Math. Soe. 4 (78) 3831 — 895; 
Further notes on biquaternions. Coll. Matlı. Papers (76) 385, 395. 


Physics. — “The thermal conduetivity of neon. By 3. WEBER. 
Suppl. N°. 425 to the Communications from the Physical 
Laboratory at Leiden. (Communieated by Prof. H. KamerLınGu 


ÖNNES). 


(Communicated in the meeting of Febr. 23, 1918). 


$ 1. Introduction. In a communication by Prof. H. KawErLinsH 
Onnes and myself!) attention was drawn to the considerable devia- 
tion from the law of corresponding states which shows itself in the 
comparison of the viscosity of argon and helium. This eireumstance 
brought ont the importance of an investigation of the viscosity ot 
neon down to the lowest temperatures to be reached with this 
substance. In this connection we also planned an investigation 
of the heat conductivity of these gases at the lowest temperatures 
to which measurements can be extended. Indeed according to the 
kinetie theory a very close connection exists between internal frietion 
and conduction of heat. The two are only distinguished by a factor 
(specific heat X numerical factor) and for monatomie gases, where 
the theory as regards viscosity is confirmed in many respects, this 
factor is independent of the temperature. According to the theory 
of heat conduction and viscosity the same law of dependence on the 
temperature will therefore be found in the two cases and it is im- 
material which of the two quantities is submitted to investigation. 
If both are measured, the results afford a means of mutual control. 
Personal eireumstances allowed me, before the research above 
sketched out could, be carried out at Leiden, to undertake the in- 
vestigation of the heat conduction of gases in the physical labor- 
atory of the Pninips Incandescent Lamp Factories. It was there, that 
the research contained in this communication was carried out. Only 
that part which refers to the lowest temperatures will still have to 
be performed at Leiden. 
_ The neon required for this investigation was put at my disposal 
by Prof. Kamerrinsu Onnes, who had prepared it from a large 
supply of gas-residue rich in neon presented to him by G. CrLauDe °); 
I am glad to offer him my sincere thanks. According to a commu- 


!) Leiden Comm. N°. 134c April 1918. 
®) Leiden Comm. NP. 147c p. 38. 


uses a hu ee a ee he 


Bi 4 de 


343 


nication from Prof. KAMERLINGR OnnEs the gas probably still con- 
tained a trace of nitrogen. For this reason I purified it once 
more by GEHI1.HOFF’s method '). 

Whichever of the known experimental methods?) one may choose 
for the investigation of the heat conductivity of gases, there are 
always two sources-of error ‘which will have to be specially con- 
sidered: the difference of temperature between the surface and the 
gas in contact with it and the conveetion. With diminution ot 
pressure of the gas the influence of the convection becomes smaller, 
that of the temperature-drop greater. For the latter, similarly to the 
analogous quantity in the internal friction, the slipping along the 
wall’), depends on the ratio of the mean free path to the dimensions 
of the apparatus. 

Whereas it has been found impossible to ealeulate the influence 
of convection *) on the heat conduction, M. Knupsex ®) and M. von 
SMOLUCHOWSKI °) have been able to bring the theoretical investigation 
of the temperature-drop to a successful issue. 

In accordance with Kunpr and Wargurg ’) the temperature-drop 
AO at the solid wall is defined as follows: 


40 vi 
Ben 


where n vepresents the direction of the normal and © the tempe- 
rature. Kunpr and WarsBurG by their experiments established the 
fact, that y is proportional to the mean free path A. 

Von SmorvcHowskı based his first investigation on the kinetie theory 
as developed by Crausıus and was led to the following approximate 
formula, in which I have introduced the accommodation-coefficient as 
defined by KnuDskn °). 

4(1-—a) 
Fre 


Later on SmotucHhowskı made a new calculation of y, in this 


= 0,70 + (; 


1) ee Verh. d. D. Physik. Ges. 13. (1911) p. 271. - 

2) Comp. A. Wınkermann, Handbuch der Physik II, 1906 p. 525. 

3) H. KamERLInGH Onnes, C. Dorsman and S. WEBER. These Proc. XV (2) 
p. 1386 

4, A. OBERBECK. Wied. Ann. VII, 1879, p. 291 and L. Lorenz, Wied. Ann. 
XIll. 1881, p. 582. 

6) M. Knupsen. Ann. d. Ph. (4) 3 4, (1911), p. 655. | 

6) M. von SmorucHowskı, R. v. 'SSMOLAN. Wien. Sitz. Ber. [24] 107, (1898), p. 
304 ; 108, (1899), p- 5. : 

7) A. Kunor and E. Warsure. Pogg. Ann. 156, (1875), p. 177. 

3) M. Knuosen. loc. cit. p. 608. 
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case starting from MAxwELls hypothesis '), that the molecules may 

be looked upon as centres of force which repel eaclı other with a 

force proportional to r—. In this way he found 
15 2—a 


3, 2, 5 


(1) 


2a 
In these formulae A, represents the mean free path as determined 
in Crausıus’s theory, therefore: 
PSP 
te: VE 
If the mean free path, as found by OÖ. E. Mever’s*”) method of 
caleulation, 


we \ Er a 
8 0,380967 Vp.o 
is introduced into formula II, we find: 
RER 
2a 


$ 2. In a paper?) which has appeared in the Annalen der Physik and 
to which the reader may here be referred, the absolute value of the 
heat-conductivity at 0° C., X,, has been investigated for a number 
of pure gases. In the er determinations SCHTL.EIERMACHER’S *) 
method was used modified in such a manner that it was possible 
to eliminate the influence of convection on the heat conduction. 
Simultaneously the value of the temperature-drop at 0° C. was 
determined for the same gases and an excellent agreement was 


found between the experimental value and the one calceulated from 


formula II, if for a the results obtained by Kxupsen ’) were used. 
Amongst the gases experimented on was the same distilled neon, 
with which the present experiments were made. 

The result of the measurements for neon was 


K, = 0.00010890 gr. cal.'grad. sec. em. and ?/, = 2.391. 


For pure neon and bright platinum Knupsex found a —= 0.653, hence: 


N share 
a A 


Y) J. Cr. Maxwerr. Scientific papers Vol. Il, p. 23. 

®) O. E Meyer. Kinet. Theorie der Gase p. 111. 

It makes no difference whether Mever’s calculation or a different one is followed 
here, seeing that the factor which has a different value in the various results 
drops out from the final result by the introduction of the pressure. 

3) SoPHUS WEBER. Ann. d. Ph. (4), 54, (1917), p. 342. 

#) A. SCHLEIERMACHER. Wied. Ann. 34, (1888), p. 623. 

) M. Knupsen. Ann. d. Ph., (4) 46, (1915), p. 641. 
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‚The value of X, is certainly accurate to %°/,, and agrees well 
with the measurement made by Bannawirtz') on neon, which Professor 
KamerLINGH ÖOnnes had drawn for him from the same vessel from 


wlich he had supplied me with the gas I used. 


$ 3. For the determination of the temperature-coefficient of the heat 
eonductivity for neon the same apparatus could not be used as for 
the absolute measurement, and on.this account I resolved to apply 
GoLpscHniDT’s’) method. This method introduces another important 
improvement into SCHLEIERMACHER’S method. The loss of heat at the 
ends of the wire is eliminated in a simple manner by making measure- 
ments first with a long wire and then with a short one of the same 
diameter, and heating tne wire in both cases with the same electrie 
eurrent. The difference between the amount of energy developed in 
the short and in the long wire gives the energy which is lost 
radially by a wire of the same section and of a length equal to the 

difference of the two experimental wires. 

‚The first apparatus which was used in testing GoLp- 
SCHMIDT’s method is represented in the figure, the con- 
stants and the dimensions being colleceted in table 1°). 
The figure shows that the thin platinum wires are 
stretehed along the axis of the glass tubes by means of 
platinum springs. 

In the measurements the two wires and a normal 
resistance of 1 2 are connected up in series. When the 
condition has become stationary, the potential-differences 
between the terminals of the long and the short wires 
E; and E% are measured, as also the difference at the 
terminals of the normal resistance I. The potential 
differences were measured with a compensation-apparatus 
by Worrr which is free of thermo-effeets, possible thermo- 
forees outside the apparatus being eliminated by com- 
mutation. | 

From the resistance the mean temperatures of the platinum wires 
tı and tx are calculated. Using these results the following expressions 


ı) E. Bannawırz. Ann, d. Ph. (4), 48, (1915), p. 577. 

3) R. GOLDSCHMIDT. Physik. ZS. 12 (1911), p. #18. 

3) The value given here for 2r, was found by weighing, ‚since it is only used 
in the correction for the temperature-drop and not in the calibration itself, asthis 
was carried out with atmospherie air (see further on). 
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TABLE 1. 
| App. a App. b 
Diameter of the platinum wire , 2ro = 0.005246 cm | 2ro = 0.005246 cm 
Length „ „ a e W; =11.58 „| ein 
Electric resistance at 0°C of the platinum wire W) = .5.4187 22 Im —= 1.4481 () 
Temperature-coefficient of Wo, «0-1 %o-ın = 0.003888 | 20-10 = 0.003888 
| Conductivity of the platinum wire |x = 0.1649 |x — 0.1649 
| Diameter of the glass tube 2R = 1.49 cm 5 R =1.449 cm 
| Ax | A 
147, where A=section of the platinum wire 4 = 1.2039.10-6 4  —4.5437.10-8 
for L and 5 may be computed: 
1 1 
L= 0.2388. E}. I. —— and „S = 0,2388. E,: I. 
7) Earte 


If the loss of heat at the ends could be neglected, Z and S would 
represent tlie radial loss of heat per degree and per cın for the 
long and for ıhe short wire respectively (in a surrounding of 0° E 
In that case Z and S as well as the quantity D defined below 


would all be equal. 


Attending now to the. difference in length of the two platinum 
wires we may according (0 GOLDSCHMIDT assume, that the heat given 
off by this portion of the wire is not influenced by the heat con- 
duction of the terminals. IE D represents the loss of heat per unit 
length of a wire of the same section in an infinite cylinder of the 
same shape with a temperature-differenee of one degree with the 
outside at 0° C., and. if the loss of heat may be taken proportional 
to the temperature difference, t, being the temperature-difference of 
the uniformly heated wire with the surroundings, we have 


NE W—u—(W —w,) 
a a W —w,) 


| 
and D = 0.2388 (Bi= Ei) ! II ——— 


(I-h).ta 


From the value of D the mean conductivity X on the way 


which the heat follows between the wire and the wall may 


culated according to the relation !). 
D— 2nxK Erbe 
N R } 1 re | 
N — E - — — 
2: Y VE SR 


!) M. von SmoLUcHowsKı. W. A. 64, (1898) p. 101. 
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where y is the coefficient of the temperature-drop at the wall. 
Using this apparatus I have made a few experiments to test 
GoLDSCHMIDT’S theory. 
In a set of measurements with the apparatus filled with dry pure 
carbon dioxide- the temperature of the bath being 0° C. the following 
values amongst others were found for 2, 5, Z,S, tzand D. 


p—2l1.61 emzt) 5.409 ty 4.630 t41==5.693 
Tas 41320 101 58; Ze I el 
DB LI, INT So 39191077 

P=6..28cm ni tk —4.669 I=-9:189 
24097 :1077 785 sh. INS 


Leo. —388.7.10-7 89,.—388.2.10 7 


These measurements show very clearly that entirely erroneous 
values may be arrived at for X, if the loss of heat along the ends 
of the wire is not taken into account. 

It can now be shown by means of a simple caleulation that the 
value found for L or S after having been corrected for the heat 
carried away along the ends agrees with the value of D. The 
quantities of heat Q, and Q, which in the stationary condition are 
eonducted away through the surface and the ends of an electrically 
heated wire respectively (apparatus a) are given by ') 


+ Tg: - 
Qı —c(#”-Hm?), Q ee 2 wand x =e[ m’ ve 
BR tt, Di it, je 
1— - Tox 1-—- Tga 
. 07 & 
” 0.2388 “ 
‚where c= 5 and m —=—  — a W,l‘, x being an auxiliary 


c 
quantity which is determined by the third equation. 

In these equations Q is the entire quantity of heat developed in 
the wire (app.a, Q—=L.l.t,), t the mean temperature of the wire, 
t, the temperature of the glass wall, / the current and W, A,x and! 
the resistance at Z,, the section, the eonductivity and the length of 
the heated wire respectively ; 7'yx stands for the hy perbolie tangent of r. 

When the values found for ZI and Sk are corrected in this 
manner, the figures given ‚under Leo and’ Scor are obtained; they 
are seen to agree very well with D. In this way it appears, that 
the application of Gorpschmipr’s method is allowable, if the dimen- 
sions of the apparatus are chosen correctly. 


1) $. Weser. Ann. d. Ph. (4) 54, (1917), p. 169. 
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$ 4. In the determinations with neon an apparatus was used the 
dimensions of which are contained in table 2. 


In order to be able to use the apparatus at the temperatures of 


liquid air it is necessary to compare its resistance with the resistance 
of a platinum . thermometer, ‚whose resistance is known. If this 
thermometer is calibrated, so that from its resistance the absolute 
temperature on {he Kelvin-scale can be deduced, it becomes possible 
from the resistance of the conduction-apparatus to determine the 
corresponding absolute temperature. For this purpose I have chosen 
the platinum thermometer Pf. the standard thermometer of the 
eryogenic laboratory at Leiden. For this thermometer there is a 
table ') which gives the relation between W, or properly speaking 


W 
‚ and the absolute temperature. 


[2 
TABLE 2. 
ah B wg | 
. App. 1. App. 2. 
TUENL 0 Jake mars ui ErEEeE Tag LT erweitern mieten ed er rasen 
20 = 0.0020 m | 27, - = 0.005240 cm 
1 = 9992 k —- 3313  „ 
2R =1586 RU Er | 
%_10 = 0.003891 om! = 0.003891 


er £ 0.0.0000. 


I have carried out the comparison in the following manner: in 
a closed cryostat, provided with a stirring arrangement and filled 
with pure liquid oxygen, the double conduction-apparatus and an 
oxygen-thermometer according to Stock °) are mounted side by side. 
When the condition had become stationary, the resistance of the 
‚apparatus w’—= W —ı was measured and simultaneously the vapour- 
pressure 0f the oxygen-thermometer was read. The following 
corresponding values were obtained in this way. | 

Vapour-pressure of oxygen » — 742.35 mm and w’ = 0.758282. 

From » according to Kaueruıneu Onses and Braak ') the absolute 
temperature 7 of the oxygen-bath is caleulated by means of the 
following relation which holds from 83 and 91° Kres 

!) G. Houst. Leiden Comm. NP. 148«. 


») A. Stock and C. Niezsen. Ber. d. D. Chem. Ges. 39 (11), 1906, p. 2066. 


») H. Kameruıngun Onses and C. BRaAR. Leiden Comm. NP, 107« comp. 
HoLsrt loc. eit. | 
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Er 369.83 
6.98460 —logp 
This gives 7’ 89.896° K. 
From the table for Pf, the following mutually corresponding 


values are found: 
w' W 
F w, a 


89.896 0.240988 0.25079 


A 

The two platinum-thermometers can now be compared at each 
temperature with an accuracy sufficient for our purpose ') by means 
of Nersst’s formula 


W w' ; W 
Pa ee Ei 


Introdueing the above value in this formula we find «= 0.001221. 
Using this value for « it is now possible to caleulate the value 


rn 


W £ w' 
of corresponding to each value of —-as measured andhence 
W, Pt] w, 


by means of the table for P!7 to determine the temperature on the 
Kelvin-scale. 

The apparatus is then placed in a bath of finely ground ice and 
distilled water and by means of dry air free of carbon dioxide and 


R 1 1 
of pure neon the denominator in eg. IV, in -+r(2+3) is 
T, To 


determined, which gives =; whereas R is found by calibrating the 
0 

tube with mereury. When. these measurements are completed, the 
apparatus is put in a bath of solid carbon dioxide and benzene, and 
new measurements with neon are made; this time, however, the 
measurements are conducted in the following order: first the resistance 
W—w is measured without the wire being heated, whereby the 
temperature of the bath is determined; then the eonductivity 
measurements are made, first at higher pressure, then at lower 
pressure and again at the higher pressure, as shown in the tables, 
and finally the resistance of the wire is determined once more 
without heating. 

The temperature of the bath was found not to have changed 
during the measuremenis. 

The eorreetion for radiation is caleulated from the dimensions of 


I) See G. Horst Leiden Comm. N. 148 andP. G. CarH, H. KAMERLINGH ONNES 
and J. M. BuRGERS Leiden Comm. N®. 152c. 


23 
Proceedings Royal Acad. Amsterdam. Vol. XXI. 
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the apparatus and the formula for the complete radiation of platinum '). 
The correetions as used were as follows: Rıo = 1.70.1925 


R, = 0.48.10-#, R_1s = 0.13.10% and R_1s = 0.005.10-®, R being 


the radiation per degree. 

The measurements are collected in the following tables. 

In these tables column I gives the pressure pP. in ems Ag; 
reduced to 0° ©. and 45° latitude; column II Ai, the ‚temperature- 
difference between the central portion of the long wire and the bath; 
column II D= where (@ is the difference of the quantities 

(—k).. At 
of heat given off by the two wires expressed in gr.cal./sec.; column 


Atm. air at 0°.C. 


% D. Dies | ? 


Dem corr. 


2) 


28.355 | 17.428 | 0.0004358 | 0.0004353 | 0.0004367 


13.069 | 17.495 4342 | 4337 4367 
3.010 | 17.860 4258 4251 | 4378 
| 0 Zu 
= nu 7% 


Neon at 0°C. 


Pem E : D D’ t=9.20 D’eorr. 

33.791 | 9.029 0.0008165 | 0.0008162 | 0.0008222 
20.182 9.077 8122 8118 8219 
10.181 | 9.192 | 8023 | 8018 8215 
5.729 | 9.967 | 1878 7872 8215 
1.894 | 10.252 7220 7206 8160 
0.:209:4.1424926 4) 5868 5840 1900 
0.217 | 23.109 3349 3292 7078 


') In the paper quoted above (Ann. d. Phys. (4) 54, 1917, p- 330), where the 
complete radiation was investigated for platinum and tungsten, it was pointed out, 
that the correction for radiation cannot be determined by a separate experiment 
in vacuo. This is due to the fact that the distribution of temperature along the 
heated wire is quite different in vacuo than in a gas. 


Neon at 999.81 C, 
Pem =: 2 EN DEE 
ver ie 
37.454 | 9.945  0.0009965 | 0.0009971 | 0.00010077 
20.225 | 10.044 | 9867 9872 10067 
7.473 10.389 9547 9547 10057 
4.2900 | 13.795 9241 9205 19064 | 
| | 
1.718 | 19112 8123 8072 9952 | 
| | | 
0.673 21.362 | 6081 6000 9570 
9.329 13.136 | 9690 9661 10075 
| 21.262 12.830 9914 9888 10074 
| 38.973 | 12.721 9998 | 9973 10072 
| EN | | 
| Neon at 194°.72 K. 
| (Solid carbon dioxide in benzene). 
2 cm | BE D D "28.02 D or. 
39.915 1.934 \ 0.0006584 | 0.0006583 0.0006608 
| 21 .649 1.966 6557 6556 6603 
13.453 8.000 6530 6529 6606 
6.844 8.102 6451 6450 6597 
5.046 | 8.169 6398 6397 6597 
40.167 17.944 6576 6575 6600 
Neon at 99°.0 K. 
(Liquid oxygen). 
p cm | af | D D 13.54 D corr. 
32.342 3.481 0.0003740 0.0003740 0.0003746 
20.543 | 3.480 3741 3741 3751 
10.309 3.510 3710 3710 3718 
5.127 3.514 3706 3706 3746 
2.642 3.558 3663 3663 3739 
0.826 3.7128 3506 3505 3739 
32.165 | 3.490 3730 3730 3737 
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IV D’=D-—R, where R is the radiation (as Ai is not quite 
constant, D-— R has been reduced to the same temperature-difference) 
and column V Der. arising by the correction of D’ for the 
temperature-drop at the wall. The latter correction is made by the 
formula (comp. formula IV on p. 346): 


1 Me l 
Yı Rip, 
Dieorr. = En where us Fe Y Pem- 
Pcm 
In — 
r 


0 
With the differences of temperature which are used we may 


assume with sufficient accuracy, that ÄX corresponds to the temper- 


At 
ature ZW, + 74 hence we have: 


Atm. air: 7=273.1 + 8.75 D er. = 0.0004371 
neon: „ =273.1 + 4.60 „= 0.0008218 

nm =273.1 + 99.81 + 6.00 „ = 0.0010071 

r »  n=194.72 + 401 „= 0.0006602 
wo een 8000-177 „= 0.0003740 


Hence taking the temperature-coeflicient of the conductivity for 
air as 0.0033, the following results are obtained: 
Atm. air 72731 D'co,r. = 0.0004248 
DeoOm = „ = 0.0008135 


For the conductivity at 0° C©.!) of dry air free of carbon dioxide 
Il have found X, = 0.00005680; using this value Ä’, for neon is 
found as follows: 

1% 0,00005680 —= 0.0001087 gr.eal 

0774948 UV, =WV, I%- '[sec.grad.cm. 
in good agreement with my previous determination X,’ = 1089.10". 

This result shows that the two calibrations of the apparatus are 
in good mutual agreement; the following results are now obtained 
for neon: 


- 
- K' | KealcS) K sale.(R =>) 


273.09-+ 105.81 | 0.0001344 | 0.0001344 0.0001364 


273.09 1087 1087 1087 
273.09 — 74.37 0879 0869 0869 


273.09 — 181.43 0499 0468 0505 


las: 


1) S. WuBarR. Ann. d. Phys. (4) 54, (1917), p. 352. 
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Columm I contains {he absolute temperature 7; column II the 
conductivity found X’; column IIT the values computed by means 
of SUTHERLAND’S formula. The value of C' in this formula, 57.5 for 
neon, was derived from the first two measurements '!). 

It appears, therefore, that SurukrLand’s formula cannot represent 
the dependence on the temperature of the conductivity for neon at 
the lower temperatures. That SuruErLanp’s formula is not satisfactory 
at low temperatures, was proved before by investigations on the 


!) In connection with the value of C and the high viscosity of neon n, = 2981 . 10-7, 
it is of interest to calculate the diameter of theneon-molecule. Using Unapman’s 
formula (London Phil. Trans. A. Vol. 216, 1916, p. 279) 

c.Q 


n=0.491(1 + &): Re 
v2.r0.n(145) 


where the small correction &« is determined by Ü, we find, with »'= 2.77. 10)9, 
co = 2.32 :10-8. 

An approximate value of may also be obtained by means of the critical 
constants. From VAN DER Waars’s formulae in the notation of H. KAMERLINGH 
Onnes and W. H. Kersom: Die Zustandsgleichung, Comm. Supplem. N. 28, 
Fussn. 284 it follows, using 


Avf Ben Auf 
= 4 er. r 
Pk Br b = an wf k 3 5 
K T, 
: biv m — . Ruf: — 
that : f K, wf 5 


N Yale 
According to VAN DER WaALS (see Fussn. 459 1.) is approximately equal 
L) 


to the theoretical value \/;, hence: 
buy = ,-2—-3n.N.0 


Using N —=62.10% and by means of the critical constanis 7. = 26.86 (intern. 
atm.) and 7,= 44°.75 K. (H. KAMERLINGH ONNES, C. A. CROMMELIN and P.G. CGATH: 


Comm. NP, 1515) we find vr = 2.36. 10-8. 

If we use the isothermals for neon at 0° and 20° G. (H. KAMERLINGH Dun 
and C. A. Crommerın Comm. N°. 147d) and assume, that @ in VAN DER WAALS’S 
equation of state is independent ofthe temperature, one finds (comp. H. KAMERLINGH 
Onnes, Comm. N®. 102a p. 5) 

—B 
Due Bus — 0'001398. 
20 R 


From the value of the virial-coefficient O4 at 0° ©. one obtains 


nn nee 


CA 
u AR: = 000186 


Using the former of the two values the result is e = 2.90. 108. 
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viscosity of helium and hydrogen (comp. H KAnmERLINGH ONNES and 
Sopuus WEBER; Comm. N’. 134). I have therefore tried, whether an 
improvement is not brought about — as appeared to be the case in 
K PIE 
Comm. N’. 134 — by using a formula of the form = (#) er 
AK, 33 
As shown by column IV 3=5 gives a very good agreement. 
According to Maxwenr’s theory in a more general form '), where 
the forces between the molecules are taken proportional to r=", we 
should have to take for nen 2 -+1l=n=1l. 
The measurements give for the temperature-coefficient between 
0° and 100° C., Bo-ı00, 0.00226; this agrees very closely with the 
temperature-coefficient ofthe viscosity, for which Rankıne?) found 0.002253. 


$ 5. From the experimental values of D' and the corresponding 
pressures p the values of Do, and y, can be determined according 


to the relation Dr = o(i +) In this manner the following 
p 


results for y, were obtained: 


T 2 Nieale. N eale.‘ 
384.90 0.400 0.363 0.408 
282.29 0.250 0.250 0.250 
202.7 0.157 0.168 0.154 

93.4 0.055 0.0676 0.055 


The values found for Dr, are given in the 5th column. in. 
the tables on p. 350 and p. 351. In the tables for 0° and 
‚100° C. Dreor. will be found ‚to become too small below about 
p=4 em.; this is quite intelligible seeing that the theory about the 
temperature-drop is derived under the assumption that the mean 
free path 2 is small compared to the dimensions of the apparatus. 
For neon at 0° C. and P=4 0m. =0,000875 ce 2r, the 


diameter of the experimental wire being 0,0005240 em., hence 
27, ; | 
=. It appears therefore that the theory for the temperature- 


drop given by Kunpt, WarBuRrG and SMOLUCHOWSKI is applicable 


!) 8. CHapman. London Phil. Trans. A. 211, (1912), p. 433 and 216, (1916) 
p-219, ' 


2) A. O. RANKINE. Physik. 2.=S. 11 (1910) p. 497 and 745. 


. 


er 


win 


NER? 
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over a wider range than might have been expected according to 
the kinetic theory. 


R 


In’ = 
[3 


It follows from y.p = en that 


1 68.44’ 
Rt 
” X 
when the pressure » is measured in dyne/cm’ and 2 in cms. 
we find according to OÖ. E. Mrrer (p. 344) from the viscosity 


TN12 
pr=18.9.(,.). This gives at the temperature of the wire 


3910... 
7), = 2.46 

Hence with a — 0.653 
2 —a 

Zum 

The agreement is not so close as it was with the value found 
previously, but the deviation is not larger than can be explained 
by accidental errors. 

It appears from the table that y, changes with the temperature; 
this was to be expected as A depends on the temperature according 


l) =—19.38: 


ee T\12 

to the relation 2=4},. (5) . Caleulating the values ofy, which have 
° 

to be expected at the various temperatures, the results y, calc., given 


in column 3 are obtained. On coınparing these with the experimental 
results the latter are seen to change more rapidly with the tem- 
perature. This can be explained by the assumption that the accom- 
modation-coeffieient @ is not independent of the temperature. The 
same assumption is also vendered probable by the results for hydrogen; 
Knupsen !) found that in this case a had a negative temperature- 
eoefficient —0.001. Assuming the value —0.00076 for the temperature- 
coeffieient of a for neon we find for y, the results given in 
column & under Yıcalc.- 


$ 6. By the aid of the principle of “similar motions’” as given by 
H. Kamurnınen Onnes’) a comparison may be made between the 
heat conductivity of different substances for which the eonduction 
through the moleeules themselves may be disregarded. It is found 
that at equal reduced temperalures we must have: 


1) M. Kyupsen. Ann. d. Pı. (4) 34, (1911) p. 632. 
2) H. KAMERLINGH Onnes. Verh. Kon. Akad., 21, p. 22, 1881. 
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K, K, 


1 2 se 
| M I Mu Bas Tu 
where P, and 77. are the critical constants. 

When a comparison is made in this manner by means of the 
experimental results between the conductivity of helium and argon 
with that of neon'), it seems in the mean time as if the reduced 
heat eonductivity of neon changes in a different manner with the 
reduced temperature from that of argon and helium; in order to 
obtain more evidence on this point it becomes even more important 
than before, also in ‚view of J. J. Tmuomson’s theory (that neon would 
consist of two isotopie elements with molecular weights of 20 and 
22 respectively), to determine the conductivity of neon at reduced 
oxygen- and neon-femperatures and that of helium at reduced 
hydrogen-temperatures; as was mentioned in the beginning of this 
paper, it is the intention to carry out this research in the eryogenie 
laboratory at Leiden. 

In conclusion I am happy to express my sincere thanks to 
Dr. Ir. G. L. F. Puınıps for his kindness through which I was 
enabled to carry out tbis research. 

I also wish to thank Mr. H. J. Micniersen for the excellent manner 
in wbich he assisted me in the measurements and the caleulations. 


Physical Laboratory 
of the Philips Incandescent Lamp Factories. 


1) S. WEBER. Ann. d. Ph. (4) 54, (1917), p. 460. 
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Physics. — “On the shape of small drops and gas-bubbles”’. By 
J. E. VerscHarFreLT. Supplement N°®. 42c to tlıe onen 
from the’ Physical Laboratory at Leiden. (Communicated by 
Prof. H.eKAmErLINGH ÖNNES). 


(Communicated in the meeting of June 29, 1918). 


$ 1. It is well known that the meridian-section of a liquid drop 
or gas-bubble (which we shall suppose to be bodies of revolution) 
cannot be represented by a finite equation by means of known 
functions. The differential equation 

to the section 


1 1 ld y 
St+E= Ä nn JELERyG 
R, ada\V 1+y" 


1 2 


has as a first integral the equation 
k 
zsinp=4kha” + —u . (2) 
an 


where $ represents the angle which 
the tangent forms with the z-axis 
Fig. 1. (fig. 1; OY is the axis of revolution) 


x 


and u=2a [aydr®) but the eomputation of w and consequently 


o 


1) In this equation k stands for the expression ‚ c being the surface 


tension, &4—4, the difference of the densities below and above the surface in its 
top, g the acceleration of gravity; % is therefore positive or negative according as 
the liquid is below the top of the surface, as with a drop resling on a plane, or 
above it, as with a hanging drop; % is the height of a point of the surface above 


2 
the tangent plane at the top. A is determined by kh= R’ R, being the radius 


U) 
of eurvature at the top; Ru will be reckoned as positive when the surface is 
hollow upwards, negative in the opposite case. 
2) u is evidently the volume of the body which is originated by rotation of the 
surface OAA’O (fig. 1) about the y-axis. Equation (2) may be written in the form 


Ineosinpg—=lm—u)g (nethtu) 000 © (3) 


the further integration of the differential equation can only be carried 
ont by successive approximations or a development in series. 

In the case that the drop or bubble deviates little from the spher- 
ical shape, y is small compared to A'). In first approximation y 
may thus be neglected by the side of A, i.e. we may puty=0;asa 
second approximation a eireular meridian section is then obtained; 
if the expression for y corresponding to this as a function of = is 
substituted in u, a first deviation from the sphere is found as a 
third approximation, etc. °). 


which is also found directly, when, for instance by applying the so called * weiglit- 
method”, the rise in a capillary tube is calculated. The contradietion found by 
A. Fereuson (Phil. Mag., (6), 28, (1914) p. 128) between the result of the integration 
of the differential equation and that of the application of the weight-method is 
merely due to an error of computation in the approximation of equation (2), owing 
to which FEreuson’s formula (7) is incorrect. 

Equation (2) can also be written as follows 


k 
a ee ee ee 


where » = 7 %y—u represents the volume arising by the rotation of the surface 
OAA”O. (2) gives: 

2rwosin p—= a (u —u,) ge” (h + Y) — (m—u,)gu, . . (8) 
which expresses for instance, that the resultant of the forces acting along the 
‚edge of a section of a hanging drop makes equilibrium with the hydrostatie pressure 
on the section and the weight of the portion below it, in other words the surface 
tension does not balance the weight of a hanging drop alone, a fact which may 
also be derived from a simple consideration of the equilibrium (cf. on this point 
Tr. Lornsstein, Ann. d. Phys., (4) 20 (1906) p- 239). 
D) 
kR, 


I) Hence R, is also small compared to Ah or to >, 
0 


that is kR,? is a small 


number. 


°») Ci. for instance A. Wınkermann, Handb. der Physik, 2e Aufl. 1 (2), 1143— 
1144, 1908. 


Putting y= Ry—V Ry?—x2+z, where 2. is considered infinitely small as compared 
- ' 
to y, and supposing that 2’is also infinitely small compared to yY,sng= a 


VI+y® 
may be developed in a series, which gives, if 2, represents the first approximation 
of 2: 


R+VR'!-Z2 
2, =4k——— —4kR? + 4kR log - 

VRr=e 0 T 030g IR j 
as is also found by Ferauson (loc. cit.) although in a somewhat eircuitous manner. 
This expression, however, does not hold near = R,, as 2’, is there no longer 
infinitely small with respect to y', but of the same order ol magnitude (viz. of 
the order (kRy2)—%; this fact has been overlooked by Ferauson (loc. eit.). 


) 
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$ 2. The introduetion of polar coördinates, choosing as origin the 
centre of curvature at the top M (fig. 1), gives the advantage that 


. . . ” IT 
there is no discontinuity at 9 — 5 in that case 


2Z=on) and y=R,—ow). . .:..KM) 
and the equation (1) becomes 
o sin $—o' cos U 0° +20 —0o0" 2 i 
ZEN (Fo - (0 -He'yih e= R, + k(R,—p 008 9). . (5) 
If we now put 
oe=R,(l—r) and er +v, +1 +....:. 0° (4) 
where r,, r,, etc. represent the successive approximations to the 
infinitely small quantity r, we can, as long as r and r’ are infinitely 
small, separate equation (5) into a series of other ones, the first of 
which being 
t',sind-+r', cos $+2r, sind—=kR,’ (1 — cosd) sind; . . (5) 


hence ') 
1 % 
7, —4kB. ß — 008 9) + 2 cos » log e- )| SR) 


an expression which remains valid from 9 =0 to 7 = r throughout. 


'$ 3. Tbe result of the third approximation is as follows 
u=4nR,’(l — cos 9)? (1 +2 008 9) + 4arkR,' (1 — cos 9)’ co’ + 


1+c0% 
+4nkR,' sin’ 9 (1—2 cos +2 cos? ») log Per he (7) 
and 
v4nrR,’ (1 — cos 9)? (2+ c08 9) — + kB," (1 — 008 9)’ (2 + 0089) — 
{ 1 + c00s% ; 
— 4nkR,' sin! 9 log EEE (7) 


$ 4. Between the angles 9 and p the following relation holds: 
o sin I—g' c08 ı) | 
is pi 

\) In order to integrate these equations we have to bear in mind, that 


sing —= —sin® + E, a 


d 
cos d(t" sind + T00s # + 2rsind)— 3 [sin 9 (Tsin 9-+ 7 cos d)] 


and 


d T 
nı$ 4 T cos 9 — cos’ I — 4 
re dı) (- ,) 


The integration does not offer any special difficulties, but the caleulations are 
long, that of r, being already very laborious; for that reason we have confined 


ourselves to r;. = 
lt is easily seen, that Kur, = 2ı c08 F 
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putting therefore 
edit. RR 
we find in first approximation (for 4<{ m) 


| — y; 1 +4 cos 7 - 
pr, 4ER end =: — 2 log (; )| . (8) 


1 -+ 008 9 
Hence, as long as p is not too near x, equafion (2) in connection 
with (7) gives 
(1 c08 p)(1 +2 eos p) 


a—=R sing —4+ kR,” sin p Pas 
c08 (p 


1— cosp 


(1 + cos p)? 


— 4K’R,’ sin p log ( 


— „KR, sing (1—3 cos p + 608’ p + 8 cos’ y) — 


1 + cos "). (9) 


2 


$ 5. In fig. 2 OQAB Trepresents 
the meridian section of the capillary 
surface for k>0, OA’B’ gives the 
section for k<“0; both have been 
drawn for a positive R, (for R, nega- 
tive the diagram must be turned 
upside down about the w-axis); the 
dotted curve between the two is the 
eircle with radius A, (corresponding 
to k=0). In both cases « goes through 
a maximum (in Aand 4’ respectively), 
but, whereas in the first case the 
curvature keeps the same sign all the 
way, so that y passes a maximum 
(in B), x a minimum etc. ($ 7), the 
curve in the second case has a point 
of intleetion (in 3’), beyond which 


Fig. 2. 


x becomes minimum etc. 
k : ; 3 7 
The maximum value of x is obtained by puting = : in (9), 
tbe result being: 


aaa) =R— HER! + RR '(6log2—1), . . (10) 


!) This degree of approximation (the Ath) is one higher than what is obtained 
by simply using the relation (4). 


f 
! 
2 
B 
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and correspondingly 


[4 Q 2° Jr 
HMOA)=SS-W=z—teR@log2 +1). 2 (10) 


and 
yaya)=R,—-R,wa=R, —+kR, (2lg2 +1) . . (10) 


- $ 6. From the equations (6) and (8°) it follows that in the neigh- 
bourhood of =, puting9=r — es, 


s € 1 
rn =—H4kR, (too - ı) and Den, er All) 


in order therefore that these equations may still be valid in that 
region, seeing that r’, has to be small, it is necessary, that e must 
remain large with respect to k%,’. This is still the case in B, where 
y has its maximum, for (comp. 4, 6 and 11) 


varRHRe ter (1). SEELEN 
dy 
so that it follows from ee) that 
€ 


er VEIR, yB=2R,[1 + KR, log ($kR) — 4ER?) . (1) 
and, also to a third approximation, 
EB 

These coordinates are only real, when % is positive. 

If k is negative, y has a maximum in B’ (fig. 1) corresponding 
to a value of e which is determined by 0 = 14 = (see eq. 
8); this gives: 
se =VIZER?’); hence ys —=2R, [1 +$%R log —ER)] - (13) 

ze = RVY—HR’ and gg =nr—2 TRIER) 


$ 7.. It is possible to go a step further in the analysis of the 
meridian section of the capillary surface. Olose to 9 = n the curve 
has a sharp bend (fig. 3: BUD with a double point Z for k >60, 


oda 
1) Obviously this expression is also found by putting 35 =(0. 


2 ; lso be found b tting O Ey I (see eg. 11”) 
) eg’ may also be found by putling ne Br de” q. s 
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B’C’'D’ with two points of inflexion B’ and D’ for k< 0; 
the dotted line (two eircular arcs) represents 
tbe transition between the two cases for 
KU: 
In that region the equation to the surface 
may be written in the form 
1 


] 
ne BEL.“ 


AN where Ahc=h- yc, yc-being the ordinate 
ee of C (or (*), and „= y—yc. In the region 
D „under consideration, however, 7 is small 


compared ‚to R,, so that in second approxi- 
mation „ may be neglected with respect 
‚to A. and therefore with the same degree of aceuracy to which hitherto 
the deviation from the eircular shape was caleulated we may write: 
tm = tonstank’ 255 u 
In third approximation BCD ıs thus a part of the eurve which 
was called nodoid by Prarzau, B’Ü’D’ a part of an onduloid. 
The equations of these eurves are known !); but in our case they 


Fig. 3. 


ie. Ai 2 
may be materially simplified. Putting khc —= —*) the first integral’of 
r 


(14) in the case of the nodoid (sn y—=0 for 2— xp) will be 

Mapa tn IT FR (15) 
If x, and x, (=xc) are the maximum- and minimum-values of 
corresponding to snp=1 and sing — —1 we have approximately 
since wg is very small with respect to r, (see eg. 12°) 


©B 
& ger 0er!) 2.020 = 


2 
= ee = 
Further it follows from (15), as long as x is small with respect to a 
ae + Va’ —a,! 1 BER nn 
=: wa 0 ek 


2 0 


En=a,lg 


& 


I) See for instance WINKELMANN, loc. cit., p 1150. 
?) In first approximation r,= Ry; in second approximation khC— k(h-+2R,) = 


2 2 
= RB En 2kR, = (1 u kR,), so that Yo = Ro (1—-KkRoP). 
0 R, 
®) Here x, belongs to the nodoid and has thus not the same meaning as x4 
in $ 5. : 
4) Since in that case 
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This gives for = xp 

NB=—z3KRrlog(dkR’)—4kR®. .. 0... (18) 

whence 
YC=YB—nB=AaR, + kRlog(t ER) —ARR® N), . (16) 

and similarly, if ©p, yp and the coördinates of D, 


aD—=2B—=R,V3IR® yD=yc—na=2R, -+ kR: log (4 kR,’)(19) 


$ 8. In the case of the onduloid, where sing goes through a 
minimum in 2’, we have 


ep ap a (20) 
The maximum- and minimum-values of z(sngy=1) are now 
approximately 


wm, 2, — a0 —- Ele, 3 2.02. (21) 


Moreover in that case 


at var,’ 1 
Ar oz 
E 2R 


a 0 


zn=a7zlog a ee 
whence : 

nB=—t4kRrlog(—4kR)+4kR’ . . . . (23) 

ee RR RN) HR 1) 


ED R, Fo eben 4 yD —= 2R, _ > log (— + kR,’) — 2 kR,' (24) 


$ 9. It follows from (7’) that the volume of a drop from the top 

to the horizontal plane passing through Bor ’ = nr —e), in 
second approximation is given by 

Eye 1 3 a a RC) 

With the same degree of approximation this is also the volume of 

a hanging drop up to the level of the neck; indeed the volume 


1) Jf x is large with respect to x, we have 


2% ® : 
ag re. (17°) 
2, 


2R, 
so that the equation to the branch OBE (fig. 3) is 


p} x 


" 
y=zY%+Nn+ = 2R,—HKR’ +4KkR," 9 Imr 5 


0} 


in agreement with (11’) [| since e= =} 
v 


From this the abseissa of the node E(yE= y0) is found to be 
ap = —4kR,' log Re 
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between the planes passing through point of inflection and neck is 
found to contribute a negligible amount to the total. 
In connection with this it follows from eg. (2’) in fourth 
approximation : 
2B=V 3ER! (A—kR,), en a, tARP’(I—$KR) . , (19) 
the upper sign corresponding to the upper index. 


$ 10. Starting from the points D and .D’ (fig. 3) the analysis may 
be further continued in a manner similar to the one used above. 
Indeed the meridian eurve of the complete capillary surface consists 
approximately of a series of nearly semi-eircular arcs connected 
each time by parts of an onduloid or nodoid '). The centres of these 
arcs are situated at the heights R,, 3 R, 5 R,, ete. successively ; 
with each (nt) are we therefore place the origin in the corresponding 
(n!h) centre and as in $ 2 write: 

a=osnd ,„ y=(ir—l)R-—ood ,„ oe=KR,(l—ı).%6) 

t is determined by: 
"sind + Tcos# + 2rsin ) = kR,’ (2n—1l—cos 9) sin 9%, _ (26') 
whence it follows, introdueing the condition that the arcs and interme- 

diate pieces form a continuous curve: 


Tr RN + og? Hana 2 I pn) — 


— n(n—1)log (4 KkR,’)}coosd + s cos I log (l + cos *) — 


2 (n—1) 
— De log (l-— 00 I)] AR, » - =. » (27) 
For the connecting curves equations (17), (22) and x, = xc= Ei 


are each time satisfied. 

The successive arcs and their connecting curves can only be 
realised in separate parts, for instance between two horizontal plates 
or between two vertical coäxial cylinders. Not every surface, however, 
obtained in that way is a part of the surface whose meridian-seetion 
was analysed above by approximation. As an instance, if the surface 
is formed between two cylinders which are moistened by the liquid, 
(ec)n—i 

&A)n 
cylinders and this fraction cannot in the analysis of $ 10 assume 
any arbitrary (small) value, as long as n represents a whole number. 
Still, putting 2(n—1)=.« and admitting an arbitrary (positive or 

!) C£. WINKELMANN, loc. eit., p. 1141, fig. 404. 


the fraction represents the ratio between the radii of the 


 — 
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negative) value for «, the equations (26) and (26°) remain valid and 
t—=kkla+ta+ bc 9 + 3 —a)eos I log(l + cos 9) — 

HE —-a)wdlog(l— cd). . : ... (28) 

where a and b are integration-constants. R, is still undetermined, as 

also A, which remains connected with R, through the relation 


a - 
N as regards the value of «, this may be chosen at will?). 


With small values of 9 the curve shows a minimum for yora 
point of inflexion?) according as &—a)k>0; for a value of 9 
which differs but little from x the curve has a maximum for y, if 
@—-a)k>0O or a point of inflexion, if &— a)k<0.°) 


$ 12. Here again the meridian-seetion consists of a series of curves 
which, however, now extends indefinitely upwards as well as down- 
wards. For k>0 the higher curves in the 
series show maxima and minima for y, the lower 
ones points of inflexion, as represented diagram- 
matically in fig. 4 For 2>0O on the other 
hand the upper curves have points of inflexion 
and tbe lower ones maxima and minima ofy, 
which case is obtained by turning fig. 4 upside 
down. Putting + — a — ß the successive minima 
and maxima of » satisfy the relations 


In L 
ee We ey kR, 


1 2n+l1l 
Upmarxr. — R, = Re a—ß + gr® kR, D (29) 


| 2 
At the point where ß +7 changes its sign 


Fig. 4. (smallest value of 2.) 18 the transition between 


| am 
the two kinds of eurves. If aceidentally P = FR m being a whole 


number, the smallest value of x, becomes zero and the case reduces 
to that of the meridian-sections discussed in $ 10. 


1) Supposing for instance the meniseus to be formed between two co-axial 
cylinders which are moistened by the liquid, the radii of the ceylinders being R 
and r, where r has to be small with respect to R. a and R, are determined by 
the conditions zc=r and xa=R; « and b may still be chosen at will; one 
might for instance take <= 0, while determining b by putling yp =. 

2) In general therefore in this case Ihe presence of a minimum or maximum 
for y is not, as in Ihe section 6 sqq, bound to k>0 or the existence of a point 
of inflexion to k<O. 
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Physics. — On the measurement of surface tensions by means Of 
small drops or bubbles.” By J. E. VERSCHAFFELT. Supplement 
N’.49d to the Communications from the Physical Laboratory 
at: Leiden. (Communicated by Prof. H. KAMERLINGH ÜNNES.) 


(Communicated in the meeting of June 29, 1918). 


$ 1. The usual methods for the determination of surface tensions 
by means of small drops or gas-bubbles, to which properly speaking 
the method of the capillary rise also belongs, are based on the 
measurement of the difference of hydrostatie pressure between the 
two media inside and outside the drop or bubble;"indeed the sur- 

face-tension is given by the formula 
tk a 


where u,—u, is the difference of the densities of the two contiguous 
media, 9 the acceleration of gravity, A, the radius of curvature at 


the top of the meniscus and h the pressure-difference on the two 


sides of the surface, measured as a column of the liquid in the 
surrounding medium. If the drop (or the bubble) is so small, that 
it may be considered as spherical, we may take for R, half of the 
diameter of the drop (or bubble), or the radius of the. capillary 
tube, in which the liquid ascends, at least if there is no angle of 
contact; in order, however, that the approximation obtained in that 
way may be sufficiently close '), the radius must be taken so small, 
that as a rule the relative aceuracy of the measurement of the radius 
remains far behind that which can be reached in the measurement 


of h, whereas naturally it is desirable t0 know R, and A with the . 


same relative accuracy. In order that this may be possible, it is necessary 
to make the measurements on drops or bubbles which are not too 
small, in which case at the same time the necessity arises of a 
correction on account of the deviation from spherieity.°’) 


(u, n- u,) g 


!) The relative error is of the order kR,*, where k = cf. eq (2)). 


%) Ro. can also be measured directly by an optical method (cf. H. SIEDENTOPF, 
Diss. Göttingen, 1897); il may also be determined by measurements on photographs 
(ef for instance A. Fureuson, Phil. Mag., (6), 23, (1912) p. 417. A high accuracy 
is, however, not obtained in that way. 


367 


$ 2. Putting za=r in eq. (10) of the previous communication 
(Suppl. N®. 42c) it reduces to 
R, =# F4+kr! — u ker (3 log 2 — 2), Fe ) 
from which R, may be caleulated, when r is given and k is known 
approximately. This value substituted in (1) gives 


“2 
log 2-1) . 2.2.8) 
or 
1 % DE 
= 3 (u—u,) ghr 144,4. la) 
h h? 


formulae which are already known‘) and by means of which the 
surface tension can be calculated to a third approximation from 
the capillary rise % in a tube of radius r, which is completely 
moistened by the liquid. ’) 

These equations, when proper account is taken of the signs of 
the various quantities, are applicable in every case, where the width 
of a drop or bubble can be measured as also the pressure necessary 
to form it. As an instance, when the liquid does not moist the wall 
(mercury) the liquid may be forced up by an excess of pressure 
from a very wide into a narrow communicating tube, until it pro- 
trudes from the narrow tube in the form of a drop; A then is the 
height of the liquid surface in the wide tube above the top of the 
meniscus on the top of the capillary. *) Similarly when the capillary is 
moistened by the liquid, the meniscus may be forced down by the 
pressure of a gas, until a bubble is formed at the bottom of the 
capillary. *) 

1) See for instancee A. WınkerLmann, Handbuch der Physik, 2e Aufl., I, (2), 


1144 and 1159, 1908. 
3) For the case, when there is an angle of contact i, the following relation is 


found by pulting =r andp= = — iin eg. (9) of the previous communication 
(Suppl. N®. 42c) 
2 . * “ 
os — (u, —u,) ghr sec i k +4 ni seo’ a (1l— sin i)’ (1 + 2 sin?) + 


2 r l+sıni] _ 
lo 


7 DR "ES, > ‚ r / 
* gr sec! i (Leim)! (+ smi + 2snt) 4 37 seo” iloq 
ı 


3) In this case eq. (8) and (4) remain valid without any modification, as both 
h and R,, therefore also r, change’ sign (see previous comm.): This simple method, 
which is independent of the angle of contact and which allows the capillary surface 
- being refreslied by removing the drop, does not appear to have been ever applied 
to mercury. 

% Cf. A. Wınkeimann, l.c., p. 1162. See also further down in $ 9. In this 
manner, however, it is not the surface tension of the pure liquid in contact with 
its vapour which is determined, but that of the binary system liquid gas. 
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$ 3. In dealing with a hanging drop, u, —u, and h change sign (see 
Suppl. N’. 42c) and eq. (4) becomes 


= hm) ghr li — 4, 22-1] . RR: 


The practieal application of. this equation is not so simple, however, 
as that of eq. (3), as a hanging drop formed at the end of a 
capillary which eommunicates with a wide tube is not in stable 
equilibrium '). But the equilibrium may be made stable by also 
taking a narrow tube for the one with which the capillary 
communicates, say by ‚making the drop hang from a single capillary, 
as in Sentis’s method ?); in: that case, however, account must be 
taken of the eurvature of the meniseus in the narrow tube. If A, 
is the distance between the tops of the two menisei, and A, the 
ascension of the liquid in the narrow tube (which can be obtained 
from a separate measurement), it is evident, that in eg. (4’) the 
substitution: 

| h=h—h, 
has to be made. 


$ 4. Let us return to the case of a drop, say a mercury drop, 
forming on the top of a capillary under the influence of an excess 
of pressure from the liquid in a very wide communicating tube 
(section 2). When the mercury by raising the liquid in the wide 
tube has reached the edge of the capillary, the meniscus protruding 
above it begins to curve more and more as the liquid gets higher, 
so that the difference in level A between the two tubes, which 
had remained constant so far, now increases. Soon the meniseus 
attains the maximum-curvature and at the same time the difference 
in level ; reaches a maximum. 

This maximum oceurs at the moment that A, has its smallest value ?) 
which happens when R, is all but equal to r, the radius of the 
capillary (for simplieity AR, is here taken as positive). Putting 


1) An imperceptible fall of the level in the wide tube is sufficient to give an 
appreciable increase to the radius of the hanging drop, through which % becomes 
larger, while the capillary counter-pressure diminishes ; consequently the liquid 
flows continuous. With a Iying drop on the olher hand AR diminishes and within 
definite limits the equilibrium is stable (see also $S 4 and 7). 

®) Sentis, J. d. phys. 6 (1887) p 571. 


2 
®) Seeing that between hand Ry, the relation kh= BR holds (see previous comm. 


0 
in these proceedings). 


I 
j 
E 
e: 
4 
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nn 

( 

v=-+to ee % ing gi | 
ar ‚ where 9 has the meaning given in $ 2 ofthe previous 


communication and & represents an infinitely small angle, equation 
(9) of the same communication, in view of (see eg. 8 and 8° l.e.) 


T IT 
er, a +#%kR? (2log2+1) + w, 
takes the form: 
"= RB—R, [044 KR,’ (2 log 2+ 1)P—+ ER + 2 PR, (6 log 21). (6) 
It follows, that the minimum of R, is reached for 
DO, ern (N 


” T . 
therefore for Rn: that is: exactly when @4=r. The surface 


tension is thus given by the relation (4), when » now represents 
the radius of the capillary and Ah the greatest difference in level of 
the mercury in the wide tube above the capillary ; conversely for 
given r and %k the greatest difference in level is given by equation (3). 


$ 5. The mercury can still be raised to-a higher levelin both tubes. - 
The radius of ceurvature AR, at the top of the drop then again 
increases, so that A becomes smaller. All the same the mercury 
continues to rise in the wide tube, that is: the height A=h+y 
of the liquid in the wide tube above the top of the capillary (y 
represents the height of the drop and is therefore here taken with 
the positive sign) still increases. But this height also soon attains a 
maximum. 


IT . . - 
Putting again ee we have (eg. 4 of previous comm.) 


2 
IE Ei? En ie) 


from which, joined to the condition «= const = r, it follows that 
H is a maximum when 
o, =4kR (1 — log 2), (R,), =r + 4 hr? — 75 k’r* (12 log 2—17), (9) 
so that 
2 
= ++ RE TRW PRn RER Or 701) 
r 


whence 
j r 


; 3 
= Yu) Elmar (13 7 475) el) 
$6. To test the use of the method sketched out in sections 4 and 5 
a few trials were made with mereury in contact with air. The wide 
tube was so wide (+ 2 cm in radius), that the meniseus could be 
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considered as flat; the radins of the narrow tube at the top which 
was sensibly flat was 1.090 mm. Through a rubber tube the wide 
tube was connected with an adjustable funnel filled with mercury; 
by slowly raising the funnel the moments are easily marked at 
which first 4 and then 7 attain a maximum '). 

The maximum-values of h and H were found to be to a high 
degree dependent on the slowness with which the drop was being 
formed. From these experiments therefore a definite value for the 
surface tension merenry-air did not follow. As_an instance for a 
drop which had been exposed to the air for a very long time 
An=0.490 (at t=17°.3) was found, which by means of eq. (4) 
1; — u, = 13.55 g = 981) leads to 

6 == 0,355 (1 +0,074— 0,006) — 379, 
whereas immediately after the formation of a new drop the observ- 
ation gave A — 0.592, whence 0 —= 454. 

Similarly an experiment where the mercury_ran over about 1 min- 
ute after the surface being renewed gave AH, = 0.708 (at 18°.2 C.) 
whence (eq. 11) 

I= 513 (1— 0,102 — 0,004) = 459, 
whereas for a drop which did not flow over till after half an hour 
Hhn = 0,659, ec.e. 6—= 423, after some hours these values had even 
gone down to A..= 0,619, = 393.) 


I) The maximum of h can be very easily observed by using a micrometer with 
moveable cross-wire; the fixed horizontal wire I is set on the meniscus in the 
wide tube, the moveable wire II, also horizontal, on the meniscus in the narrow 
tube. The funnel is first moved up until the mereury protrudes above the narrow 
tube as an almost hemi-spherical meniscus: by now raising it very slowly or by 
adding mercury a drop at the time, so that I and II rise slowly, the distance 
I—Il is seen to increase slowly and attain a greatest value. After that I and II 
continue to rise, but the distance I—Il now diminishes. At the same time the 
drop above the narrow tube is seen to bulge out more and more, to exceed 
distinctly the half-sphere and finally fairly suddenly to swell and flow over the 
edge of the tube; at that moment the level I falls very rapidly, so that H has 
gone through a maximum. 

°) This diminution of the surface-tension of mercury which is exposed to the 
air was first observed by Quinck& (Pogg. Ann. 1 (1858) p. 105). Similarly GrünmAcH 
(Ann.d. Phys , (4) 23 (1909) p. 247; method of capillary waves) found a much higher 
value of o for fresh surfaces (r =491,2 at about 18°) than for surfaces which 
had been exposed to the air for half an hour (c = 405,0). See also WINKELMANN, 
loe. eit., p. 1168. 

Volatile vapours in the air also appear to lower the surface tension of mercury 
very considerably; it was found in the experiments of $ 6 that it was sufficient 
to bring a piece of blotting paper soaked in benzene or alcohol near a practically 
hemispherical drop in order to make it flow over at once. 
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The usefulness of the method is suffieiently demonstrated by these 
experiments. Moreover they can easily be so.arranged, that the 
surface tension is determined in vacuo, in which case probably a 
gradual change of 6 with the time would not show itself ?). 


$ 7. Instead of forming the, mercury drop on the top ofa capillary 
it is possible to make it form at the bottom. This can be done by 
closing a wide tube at the bottom by a plate with a small eireular 
hole; mercury being poured in, a small hanging drop is formed at 
the orifice, which gives way at a definite maximum height of the 
mercury in the tube, after which the mereury runs out. From the 
observed maximum height and the radius of the opening the surface 
tension of the merceury may be derived. 

If A represents the height of the liquid in the wide tube above 
the opening, 7 = h’—y, h’ being the height of the mercury in the 
wide tube above the bottom of the hanging drop and y again 
representing the height of the drop. In this case k is negative (see 


—— hand H=—(h+y). The 


2 
z - yo 
Suppl. N?. 42c), hence TER 
eondition for the maximum of H at constant «= r then leads to 
the same egnations as in $ 5, except that k and / have to receive 
the negative sign. 
lt follows in the first place that w, (eq. 9) is negative;. that 


IT 
is: the drop begins to fall before p has reached the value = (see 


$ 3), so that A in this case cannot reach its maximum value 
($ 4). In the second place according to eq. (11), A, being reckoned 
as positive, 


’ r r r? 4 
5 —4(u—u,)g Anr re a ae, 44l) 


$ 8. By this method also a determination was made of o for 
mereury. For this purpose a tube of 1.5 cm radius was closed at 
(he bottom by a plate, through a hole of which a short piece of 
glass capillary (r = 0.522 mm) had been stuck. When mercury was 
put into the tube a drop at a time, a drop was formed at the 
lower end of the capillary which gave way before the hemisphere 
had been reached. 

Here again the value of H,„ was very strongly dependent on the 
time elapsing while the drop was being formed; the greatest value 


!) In a vacuum Fürru (Wien. Sitz. Ber. [2a], 126 (1917) p. 329) found o = 440 
to 445 at 18°C; in this no trace of a change of v with the time was observed. 
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observed was AH, = 1.230 which gives: 
6—= 427 (1 + 0,028 — 0,003) — 438 
When the. tube was filled to a smaller height and then left to 
itself, the drop could be seen to bulge out more and more and 
finally give way in consequence of the diminution of o. 


$9. When in a capillary tube, in which a liquid ascends, pressure 
is exerted by means of a compressed gas, so that the meniscus is 
forceed down, until a gas bubble is formed at the bottom of the 
capillary, the bubble is found to escape at.a definite maximum value 
of the difference between the gas-pressure and the hydrostatic pressure 
at the bottom of tbe capillary. From this maximum of the pressure- 
difference the surface-tension of the liquid (in contact with the gas) 
ngay be derived'). R 

The phenomenon is of entirely the same nature as the one described 
in $ 5 and the theory may be developed in the same manner). If 


H represents the said difference of pressure, whereas h — „again 

0 
represents the capillary pressure at the lowest point of the meniscus 
and y the height of the bubble, then, as in $ 5, H=h-+y and, 
as k and AR are also positive, the same equations are obtained in 
this case as in section 5°). 

In this case A also obtains a maximum-value, which might also 
be used as the basis for a determination of the surface-tension; in 
that case eq. (4) would again apply. But the measurement of H is 
simpler than that of % and therefore preferable from a practical 
point of view. 


$ 10. Several observers have derived surface tensions from measure- 


ı) The first to use this method was Sımon (Ann. d. ch. et d. phys. (8), 32, 5, 
. 1851), who assumed without sufficient proof, that the maximum pressure-difference 
is determined by the capillary rise, which is only correet for very narrow tubes, 
Sımon’s method was used by several other experimenters later on (see WINKELMANN, 
l.c.s p: 1162). 

?) See also: M. Oantor. Ann. d. Phys. (3), 47 (1892) p- 413; R. Feuster. Ann. 
d. Phys. (4), 16 (1905) p. 61; A. Fereuson, Phil. Mag., 28, 1914 p. 135, and 
E. ScHRÖDINGER, Ann. d. Phys., (4), 46 (1915) p- 413. 

%) In accordance with what was found by SCHRÖDINGER, (] c.). Itis not astonishing 
that CantoR, Feuster and Ferguson find an incorreet expression for the second 
correction-term in these equations, seeing that — apart from errors of caleulation 
by Cantor and Fereuson — the authors in their reduetions assume a spherical 
shape for the drop, although the second correetion-term is actually determined by 
the deviation from the spherical shape. = 
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ments on drops without pressure-measurements.‘) With small drops 
the surface tension is then derived from the deviation from the 
spherical shape; in that case principally equations (10) and (10") of 
the previous communication (or (2) of the present paper) are to be 
applied, which lead to the relations: 


7° k—r 
(u, —,)9 2 Terz (8 log 2 -2| . * (12) 


oc—+ 


R,—r 


3 


r 
a ug 09.2: en nl) 


» being the largest radius of the drop (its half breadth) and y the 
distance from the top to tbe plane of the section with radius r. 

Seeing that here the determination of 6 depends on the exact 
knowledge of the numerical value of terms which only served 
as correction-terms in the method of the pressure-measurement, 
this method cannot but give much less accurate results than the 
previous one. But its use seems indicated for liquids which can only 
be obtained in very small quantities. 


$ 11. A third manner of determining surface-tensions by mean of 
small drops consists in measuring the weight of small falling drops. ° 
It follows from the equations (25) and (19’) of the previous com- 
munication, that the volume of a small constricted hanging drop is. 


DBarc r' 
a (' ) Ne ET) 
(u,-—u,)g R, 2 


r’ being the radius of the eireular neck. When the drop is made 
to fall from a very thin rod — this would be tlıe method, if the 
liquid moistens the wall — or from a very narrow tube — in the 
opposite case —”) r’ is not equal to the radius r of the rod or 
tube, but the difference is very small. Indeed the drop does not 
fall at the moment, when r—r’; before it falls away the drop 


I) See WinkeLmann, loc. cit., p. 1160. See also J. E. VerscHarreLt and Cn. Nicaise, 
Bull. Acad. de Belg., 1912. p. 192. 

2) Properly speaking equation (14) only holds for a drop hanging in equilibrium 
and not for a drop forming from a tube while flowing (cf. WINKELMANN loc. eit. 
p. 1162). It appears from $ 7. that a constrieted drop cannot hang in equilibrium 
from the opening of a tube, if the drop is in free connection with liquid in a 
wide tube. A strongly constrieted drop is only possible, if the connection with the 
free surface in the wide tube is 'broken, for instance by tie interposition ofatap; 
by opening the tap very little the drop may be made to form very slowly, until 
it falls: at any moment it can then be looked upon as in equilibrium and its 
further deformation may be prevented by closing the tap. Similarly a strongly 
constricted drop may form at the end ofa long capillary, through which the 
liquid flows very slowly (cf. also & 3). 
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contracts a little more, the volume thereby increasing slightly, until 
it reaches a maximum. For according to eq. (17) of the previous 
communication, when 2 =r differs very little from «,=r’, the 
volume contained between the eireles of radii » and r’ is equal to 


ar®V 2r’(r—r’), so that the volume of the drop up to the plane 


of suspension is equal to 
— a er Var (r—r)), 
(u—u,) 9 
and this is a maximum, when 
"—r (14 kr°) . Ne (15) 

The maximum-volume will still be represented with suffieient 
accuracy by eg. (14), if r’ is replaced by r. 

When the maximum is reached, the smallest further supply of 
liquid must necessarily make the drop break off. If @ isthe weight 
of the drop '), it follows from eq. (14) with r instead of r’ that 
a u pe za 
Z = a =)= ee: BD krr) — a + 4 (16) 

This is therefore the formula which in the case of a very small 
drop has to replace the simpler expression used by @uincke. °). 


) @=(w—w)gv; @ is therefore the apparent weight, not reduced to a 
vacuum. 

?) It is perhaps not superfluous to point out, that the expression (16) may be 
deduced in the following simple manner. The molecular forces (surface tension) 
along the circular neck of the drop make equilibrium with its weight and the 
hydrostatic pressure on the plane of the neck; hence according to (8) of the 
previous communication 


20 
2m = ne, 

R, 
where the term — rr? (u—u.)gy has been neglected. This equation agrees with 
the relation which is found in caleulating the capillary rise by the so:called weight- 
method (see previous comm.); in a certain sense, however, it must be considered 
as its opposite: in both cases the surface tension balances a hydrostatic pressure 
and a weight, but whereas in the case of the capillary rise the weight is introduced 
as a correction, here on the other hand the same is true for the hydrostatic pressure. 
Seeing that for mereury k=30 about and for water k— 18, r must not be 


r 
greater than 0,07 to 0,11 mm. in order that the eorrection-term — be 0,1. In 


. . “ 0 
order that this term may be still further reduced, as is necessary for the accuracy 


of the method, in view of the further unknown terms which have been neglected, 
much narrower capillaries would have to be used and this would diminish the 
aceuracy of the measurement of r. This shows that the method of the weighing 
of falling drops is not a very suitable one for the determination of surface tensions. 

®) Pogg. Ann:, 134, (1868) p. 865. See also WINKELMANN, loc. eit.,. ps 1147 
and 1161, and T#. Lonnstein, Ann. d. Phys., 20, (1906) p-. 238. 


Chemistry. “The Phenomenon Electrical Supertension”. By Prof. 
A. Smits. (Communicated by Prof. P. Zerman). 


(Communicated in the meeting of June 29, 1918). 


lt has already been pointed out in a previous communication ') 
that the metals which furnish the so-called unattackable electrodes, 
differ from the other metals in this tbat they are ideally inert, so that the 
potential difference of such a metal electrode with respect to an 
electrolyte is governed by the prevailing electron-concentration in 
this eleetrolyte. Let us now suppose that a smooth platinum-eleetrode 
immersed in an aqueous solution ‘of hydrochlorie acid, is made 
cathode, it is then easy to see what will happen. 

The two equilibria that are to be considered here, are: 


Pi>Pi .:- +49 
and H, Z 2H + 20 


the former of which is entirely determined by the eleetron concen- 
tration of the hydrogen equilibrium. 

When we immerse a platinum electrode in a solution of hydrochloric 
acid, the platinum ion-eoncentration in the electrolyte will be 
imperceptibly small. Yet we can speak of a platinum eqnilibrinm in 
the electrolyte, which, as was already remarked, is entirely 
determined by the electron-eoncentratien of the hydrogen equilibrium. 

In virtue of this it may be said that platinum is a hydrogen- 
eleetrode from the very first, but so long as the hydrogen has not 
yet appeared as second phase, the platinum will be a hydrogen- 
electrode, corresponding with a hydrogen pressure smaller than the 
pressure under which the electrolyte is. 

When we make the platinum cathode, there are eleetrons added 
to it, and a consequence of this will be that hydrogen-ions from 
the eleetrolyte are deposited on the metal surface, and are dissolved 
in it, from which it appears that the hydrogen is of eourse not 
immediately present as a new phase. When the internal equilibrium : 


Hr>DH "20 
sets in very rapidly on the metal surface, this internal equilibrium 
would already have been established in the metal surface in spite 


1) These Proc, 
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of the supply of eleetrons. But above a certain current density, 
which evidently lies. very low, this is no longer the case, and the 
metal-surface will contain more hydrogen ions and electrons than 
corresponds with the internal equilibrium. In eonsequence of this 
the potential difference, as appears from the formula 
a, 
F (Hr ) 

will be more negative than when internal equilibrium had been 
established. Let us now suppose that the eurrent density is continually 
increased, the potential difference becoming continually more negative, 
then at a given moment super-saturation of hydrogen will set in 
in the metal surface, and at a certain degree of super-saturation 
hydrogen will be generated as second “phase. When the current 
density is kept constant, the potential difference can now diminish 
a little, but on increase of the current density the potential difference 
will now also increase further, because, even when hydrogen 
generation takes place, this process can yet be accompanied with an 
increase of the concentration of the hydrogen ions in the surface 
of the electrode, and besides because the formation of the gas 
bubbles through the diminution of the surface of contact metal- 
eleetrolyte, causes the current density to inerease very greatly. As 
at the moment that the hydrogen begins to separate as second phase, 
the metal surface contains more hydrogen ions and eleetrons than 
corresponds with the internal equilibrium, the potential difference 
at his moment will be more strongly negative than corresponds with 
the state of internal equilibrium, which is in aceordance with the 
above mentioned formula. This internal equilibrium sets in when without 
passage of a current, hydrogen of a pressure of 1 atmosphere is 
conducted round the platinized platinum electrode. The difference 
between this equilibrium potential of the hydrogen and the potential 
difference, at which during the passage of the current, the hydrogen 
begins to separate as second phase on the unattackable eleetrode 
for the first time, is called “supertension”. It is elear that in the 
light of the newer views this phenomenon is not distinguished from 
the phenomenon of the cathodie polarization in any respect. The 
supertension of hydrogen is, accordingly, nothing but a consequence 
of the retardation in the establishment of the internal equilibrium 
during its electrolytie separation, and the supertension in case of 
all the othar gas-generations can be explained in exactly the same way. 

lt has been found that the amount of the supertension for the . 
same current density is still dependent on the nature of the metal 
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eleetrode,; nor is this strange in the light of these considerations, 
for the different metal electrodes will exert a different catalytie 
action on the establishment of the internal hydrogen equilibrium. 
But not only the nature of the eleetrode, but also the condition in 
which a certain eleetrode is, will be of influence on the supertension. 
A polished platinum electrode or a platininized platinum electrode 
do not give the. same result; in the latter case the supertension is 
practically zero, which can be explained by the fact that the much 
larger surface of the catalyst causes a rapid establishment of tbe 
internal equilibrium, to which is added that the actual current 
density is much smaller than is supposed, exactly in eonsequence 
of this larger surface. Finally also the electrolyte can exert influence 
on the setting in of the internal equilibrium, and thus we see that 
the polarization phenomena at gas-generations can be surveyed and 
acecounted for with all other electrolytie polarization phenomena 
from the same point of view. 


Considerations in the light of the theory of phases. A so-called 
unattackable metal as hydrogen electrode. 


In my preceding communication “On the Eleetromotive Behaviour 
of Metals” ‘) I have already treated the unattackable electrodes and 
their efficieney as gas-electrodes. In this I have demonstrated that 
the result of these eonsiderations can be given in a A,.«-fig. in a 
lucid way. 

That a platinum electrode, immersed in an acid solution, and 
surrounded by hydrogen of one atmosphere indicates the hydrogen 
potential in correspondence with this pressure, is elucidated by the 
.adjoined fig. 1, which holds e.g. for atmospherie pressure and con- 
stant total-ion-concentration. 

Though the equilibrinm-normal-potential of platinum is not known 
to us in eonsequence of its great inertia, yet it may be said with 
certainty that this potential of the equilibrium, if it could be mea- 
sured, would be very strongly positive with respect to the hydrogen. 
The concentration of the eleetrolyte c would therefore practically 
quite eoineide with the axis for the hydrogen. With a view to, 
lueidity 1 have however purposely not made the point c coineide 
with the H,-axis in this schematie drawing. 

Let us now imagine that a platinum electrode is immersed in 


» lee: 
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an electrolyte of the concentration x,, and that the eleetrode is sur- 
rounded with hydrogen of a pressure of 1 atm., then our conelusion 
from the preceding communication that namely the platinum equi- 
librium in the liquid is governed by the eleetron concentration of 
the hydrogen equilibrium in the eleetrolyte, or in other words that 


? 
um 2 Pi 


Fig. 1. 


the platinum elecetrode becomes hydrogen electrode, has the follow- 
ing meaning: 

It appears from the A, -fig. 1 that the potential difference of the 
hydrogen with respect to the electrolyte x, is indieated by point c', 
Iying on the metastable prolongation of ac. 

Now it follows, however, from the considerations given here that 
platinum will present the same potential difference as hydrogen in 
the experiment mentioned here, and that the electrolyte will, there- 
fore, not only be electromotively in equilibrium with hydrogen, but 
also with platinum. This means therefore that c' does not only lie 
on the prolongation of ac, but at the same time on a line that has 
taken the place of de. The line de referred to the electrolytes which 
coexist electromotively with platinum in internal equilibrium, whereas 
we now have to do with a eurve that indieates the electrolytes that 
can coexist with a state of platinum disturbed in a base direction : 
hence this eurve lies above de, and is here indicated by d'e'. 
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| The potential difference, which we therefore measure at the pla- 
tinum electrode in the case supposed here, is the potential difference 
for the three-phase egnilibrium dee, in which a' represents the 
hydrogen phase, c‘ the electrolyte, and e' the hydrogen-containing 
platinum phase. It is clear that in this binary figure it is in fact 
impossible to indicate the composition of the platinum elecetrode as 
the electrode contains atoms and ions of platinum and hydrogen 
as well as electrons. The composition of the electrode is in consequence 
of this indieated in platinum and hydrogen in total. 

As was already said c lies practically on the hydrogen axis, and 
as in the case that an attackable electrode is used as hydrogen 
electrode, the unattackable elecetrode is immersed in an electrolyte 
which is practically free from the ions of the eleetrode material, 
the concentration x, lies likewise entirely on the hydrogen side, so 
that like c also the point c’ will practically coineide with a, i.e. 
the different unattackable electrodes, applied as hydrogen electrode, 
will praetically present the same potential difference under thesame - 
eircumstances. 


The Supertension Elucidated by Means of the A,a-Fig. 


When we immerse a smooth platinum electrode in a large quantity 
of an electrolyte of the concentration x,, and when we then make 
it cathode, fig. 2 gives the successive states. Before the platinum 
eleetrode is made eathode, we have eleetromotive equilibrium between 
the electrolyte m and the disturbed hydrogen-containing platinum 
phase n. As soon as the platinum becomes cathode, platinum- and 
hydrogen ions are deposited. on the metal surface, and as the 
establishment of the equilibrium in the metal surface cannot keep 
pace with the ion-separation, we get a platinum surface that is still 
more greatly disturbed, in which there are more platinum and more 
hydrogen ions and also more eleetrons present than corresponds with 
the state of equilibrium. Hence a moment after the passage of the 
eurrent the point n’ indicates the potential difference and the com- 
position of the disturbed, hydrogen-containing platinum electrode, so 
that now m’ and n’ represent the coexisting phases. 

With inereasing density of the current the electromotive twO- 
phase equilibrium moves eontinually upwards in our A,«-figure, and 
it might be thought that the hydrogen can be separated for the first 
time as phase at the very moment that the line indicating tbe elec- 
trolytes that can coexist with a platinım electrode of definite 
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disturbance, passes through the point c", or in other words at the 
moment that the disturbance of the platinum eleetrode has increased 
to such an extent that the potential difference is indicated by a 
horizontal line passing through c". 


Fig. 2. 


This would, however, be the case when the hydrogen eould have 
assumed internal equilibrium in the metal surface, and when there 
was, therefore, no supertension. As was already said the supertension 
is just to be explained by this that also the establishment of the 
internal equilibrium of the hydrogen cannot keep pace with the 
ion-separation. Hence the hydrogen appears as second phase for the 
first time not when the potential difference of the metal phase has 
risen to c', but to a higher point, e.g. c'. In correspondence with 
the concentration of the electrolyte, ‘the eurves a'c' and b"e' interseet 
in this point, which curves refer to the electrolytes which can 
coexist with a disturbed hydrogen phase, resp. platinum phase. 

The hydrogen phase d‘, which therefore is generated, is a disturbed 
hydrogen phase, as it contains more hydrogen-ions and electrons 
than corresponds with the state of internal equilibrium. 

The supertension can now directly be read from the figure; it 
is equal to the distance c’c". 

Now it should be borne in mind that the point c practically 
eoineides with the hydrogen axis, and that when a platinum elee- 


381 


trode is immersed in an aqueous solution of an acid, the concen- 
tration x, practically coineides with the hydrogen point, and conse- 
quently the .point of intersection c' will likewise practically lie on 
the hydrogen axis. 

It is clear that the considerations given here are general, and 
will, therefore, also apply to the supertension of other gases. 

As was demonstrated there is no essential differenee between the 
phenomenon of supertension and that of polarization. The former 
is only a little more complicated in so far that here also an unattac- 
kable ‚electrode has been inserted into the system. 

_ When,. however, we consider the phenomenon of supertension at 
non-unattackable electrodes, every difference with the ordinary 
phenomenon of polarization has disappeared. 


Amsterdam, (reneral and Anorganic-Chemical Laboratory 
June 18, 1918. of the University. 
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Chemistry. — ‘On the Periodie Passivity of Iron, II”. By Prof. 
A. Smirs and ©. A. Losey pm Bruys. (Communicated by 
Prof. P. ZEeMmAnN). 


(Gommunicated in the meeting of June 29, 1918). 
Periodie passivity in experiments with sealea-in iron electrodes. 


In a previous communication ') on this subject we have shown 
how we have succeeded in calling. forth the phenomenon of 
periodie passivity on anodie polarisation of iron in a solution of 
0,473 gr. mol FeSO, -H 0,023 gr. mol FeÜl, per litre. In these 
experiments we made use of an iron electrode 0.3 cm. long with 
an area of #+0.3cm’, which was sealed into the short leg of a, 
U-shaped tube by means of shellac. The considerations that led us 
to these investigations were the following. During the anodie solution 
of iron in a solution of FeSO, the internal equilibrium in the 
metal surface above a certain density of current, can be disturbed- 
so greatly that passivity appears. When into the solution Ol, Br., or 
I-ions are introduced in a sufficient concentration, which need, 
however, be only exceedingly small, activation of the iron suddenly 
makes its appearance. It follows from this that for a definite density 
of current, given by the velocity of solution of the iron, it must 
be possible to find a, halogen-ionconcentration, for which at a definite 
moment the chance that the iron remains passive, is equally great 
as the chance that it becomes active. 

When at this moment the density of current is slightly diminished, 
the transition passive-active is sure to take place. 

The iron anode in the passive state will dissolve only exceedingly 
little, the iron, which has now become active, will, however, go 
very greatly into solution. 

In consequence of this the contact of the halogen-ions with the 
iron will diminish, and as the iron is now almost entirely with- 
drawn from the catalytic influence of the halogen-ions, it can again 
pass into the passive state. 

Since, however, as has been said, the passive iron dissolves very 
little, and the processes which now take place at the anode consist 
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of the discharge of the SO" -ions with the subsequent O,-generation, 
and further of a concentration increase of the halogen-ions, activation 
will again make its appearance ‚through this latter process at a 
given moment etc. 

This surmise was perfectly confirmed, and: using Dr. Morı’s 
excellent galvanometer, we photographed some exceedingly regular 
periodie curves, the maxima and minima of which differed 1.74 
Volt in situation. These graphs were, however, still incomplete in 80 
far, that the lines of time still failed. j 

In our further researches we made use of a photographie registra- 
tion arrangement with time-signal-apparatus manufactured at this 
laboratory, so that also the time-lines are visible on the new photos, 
and accordiugly a better idea of the regularity of the phenomenon 
can be formed. 

We intend to answer several other questions by means of this 
arrangement, but before proceeding to do so we will first give a 
photographie representation of the phenomenon of the periodie 
passivity, under about the same eircuinstances as before, but now 
with registration of the time. 

This photograph is given in Fig. 1. The potential difference again 
ranges here from about —0,3 Volt with respect to the 1 norm. 
calomel electrode in the active state, to about + 1,4 Volt, in the 
passive state, the current density retrogressing from 33 m.Amp. to 
28 m.Amp. per em’. Since the time-lines, which are at. a distance 
of 3,3 seconds from each other, are now also drawn, the regularity 
of the phenomenon can be much better observed than before. The 
maxima lie 6,15 seconds apart. Fig. 1 shows further that the iron 
was only a short time active, and comparatively long passive. The 
electrode was sealed in as before, and 1,5 cm. long, and the 
siphon of the auxiliary electrode was halfway of the height of the 
electrode. The solution contained 0,72 gr. mol. FeSO, and + 0,014 
gr. mol. FeCl, per litre solution. ’ 

The content of FeÜl, was, therefore, much smaller than before, 
hence the periodicity appeared here already at a smaller current density. 
Fig. 2 refers to an experiment with the same electrode, but taken 
with a slightly smaller eurrent density, viz. 30-—25 m.Amp. As is 
very apparent from this photograph, this has caused the periods to 
become longer, and the time during which the iron was in active 
state to become about equally long as the time in which the iron 
was passive. 

It is remarkable that when we endeavour to proceed in the 


same direction, and try to make the active state last still longer 
25* 
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by diminishing the eurrent density still more, this can only be main- 
tained for a short time, and a state soon sets in again as reproduced here. 


Periodie passivity in experiments with iron electrodes 
that were not sealed ın. 


The following experiment was made with an electrode that was 
not sealed in, but in which an iron electrode was simply immer- 
sed 1.5 cm. deep into the electrolyte, the siphon of the auxiliary 
electrode being placed quite at the bottom against the iron eleetrode. 
In this case there was always an activating influence, starting from 
the iron at the height of the liquid level, but in preliminary experi- 
ments we had already found that this activating influence did not, 
however, prevent the iron at the bottom of the electrode, which 
was 1,5 em. long, from exhibiting pretty regular periodie passivity. 

Fig. 3 shows the result obtained in this experiment. The pheno- 
menon is, indeed, not quite so regular as with the sealed-in elec- 
trodes, but the difference is not great. 


Periodie passivity at different heights under the liquid level. 


We will now examine what is the behaviour of a non-sealed 
electrode at different heights under the liquid level. 

For this purpose experiments were made with an electrode which 
was immersed much deeper, viz. more than 5 em. under the liquid 
surface. When the auxiliary eleetrode was again placed quite at the 
bottom, a pretty regular periodieity was observed, just as in case 
of less deep immersion; this is shown by Fig. 4. When the auxiliary 
electrode was placed 1.5 cm. above the lower end against the iron 
electrode, the activating influence exerted from above, was already 
very clearly noticeable. Thus Fig. 4a shows that though the pheno- 
menon is still regular, the character of the curve has been greatly 
modified. The periods are much shorter and the passive state lasts 
very short, and what is very remarkable, now a longer duration of 
the activity than of the passivity can be maintained. 

In the following experiment we have placed the auxiliary elec- 
trode halfway up the immersed part, hence + 2.5 cm. from the 
bottom, and under these circumstances still greater modifications 
were found, consisting in this that the iron did not always become 
equally strongly active, and that regularly two less active states 
were followed by a more active one, or that alternately a more 
active and a less active state followed, as is elearly shown by Fig. 
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5 and 5a. The next figure 6 refers to the phenomenon that occurs 
when the auxiliary electrode is placed only 1 mm. under the liquid 
level against the iron electrode, and from this we see how greatly 
the activating influence issuing from the iron at the level of the 
liquid surface, disturbs the periodieity ; the regularity now consists 
only in this that the most active state recurs at pretty regular times. 

As. might be expected the: strength of the polarising current was 
perfectly regularly periodiec. 


Influence of the area of the surface on the periodie passivity. 


In conelusion we have examined what is the influence of an 
enlargement of the immersed surface. For this purpose we have 
made an experiment with a spiral, of which 5 windings, with a 
joint length of 60 cm. were immersed into the electrolyte. The 
cathode was placed inside the windings, the auxiliary electrode being 
placed against the second winding from above. While the strength 
of the eurrent was again regularly periodic, the potential difference 
- exhibited very irregular oscillations, as Fig. 7 elearly shows. The 
irregularity was such that even the most active state did not recur 
regularly, and the whole curve, therefore, shows the periodieity 
under the influence of great disturbances. Hence it could be clearly 
perceived when observing the iron eleetrode, that this was never 
passive resp active throughout the whole area at the same moment, 
but that different parts were activated at different times. 

This curve is a very fine demonstration of the fact observed by 
us already before that a piece of iron can be passivated with the 
more diffieulty as the surface is greater. 

Amsterdam, General and Anorg. Chemical 

June 27, 1918. Laboratory of the University. 


Chemistry. — “On the System Iron-Oxygen”. By Prof. A. Smits 


and J. M. Bısvort. (Communicated by Prof. S. HooGkWERFF). 


(Communicated in the meeting of June 29, 1918). 


The equilibria to which the reactions between iron-oxides and 
reducing gases as carbon oxide and hydrogen give rise, have 
already repeatedly been a subject of a scientific research. 

Tbus of the gas phase of the three-phase equilibria FeO + Fe+ G 
(CO) (H,) 
ar TESP. 

(CO,) (H,O) 

Three-phase systems of three components were studied, i.e. systems 
that were monovariant at constant pressure. In this there was, however, 
no need to keep the pressure constant, because the above-mentioned 
relations are independent of this. As result the researches with 
CO as redueing gas yielded two equilibrium eurves, which may 
be called three-phase curves for the homogeneous equilibrium 
in the gas phase which coexists with two solid phases, namely one 
for Fe0 + Fe-+G, and another for Fe,0, + FeO +G, of which 
SCHEFFER ?) showed that they had to interseet in virtue of the heat- 
effect of the conversions. 

Researches with H, as substance of reduction did not only give 
the situation of the three-phase line for Fe-+ Fe0 +G, but also 
that for Fe-+ Fe,O, + G. The latter was made probable by REınDers, 
who also computed the situation of the three-phase line for Fe,O, 
+ Fe0 + G in this system from the corresponding line for the reduction 
with CO by the aid of the water-gas equilibrium. When we trace 
the three-phase curves for Fe,O, #FeO +G and for FeO + Fet 
G for the case G= (CO + CO,, we get {he following figure when 
log K is drawn as function of T, in which figure a third three- 
phase line for Fe+ Fe,O, + G must start from the point of inter- 
section, which is here a quadruple point as SCHEFFER has noticed. 


and Fe,O, Ei Fe0—+G the ratio was studied '). 


) A survey of the literature of these researches has been given in Reınners’ 


paper on: the equilibria of iron-oxide with hydrogen and water-vapour. Chem- 
Weekblad 15, 180 (1918). 


*) These Proc. Vol. XIX, p. 68b. 
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Fig... 
On the mixture of the solid phases Fe,O, and Fe,O,. 


Now the question presents itself whether there exists also a three- 
phase line for Fe,0, + Fe,0,+G'). 

SosMan and Host£Erter *) think that they have to derive from their 
determinations about the ‘“tension of dissociation and the diffraction 
of light of mixtures Fe,0, + Fe,O, that the oxides Fe,O, and Fe,O, 
in the solid state are miscible if not in all proportions, yet very 
near the concentration F,O,. If there really existed a continuous 
mixed erystal series here, there would not appear a three-phase 
eurve for Fe,0, + Fe,0, +6, and the figure discussed here would 
be complete. 

It is, however, the question whether on the ground of SosMan 
and Hosterrer’s researches we may conclude to a continuous mixed 
erystal series. When we draw up a p,a0-section of the system 
owygen-iron corresponding to the temperature 1100°, on the 
assımption that Fe,O, and Fe,O, are only miscible to a limited 
degree in the solid state, we arrive at the schematic representation 
drawn in fig. 2. 

In this p,x-secetion, in which it is assumed that the oxides present 
a certain mixture in the solid state, the line d f represents the 
mixed cerystals that are rich in Fe,O,, and which eoexist with the 
vapours be, the line gh referring to mixed crystals rich in Fe,O,, 
which can coexist with the vapours eh. 

A point on the line df, here p, corresponds with the concen- 
tration Fe,O,, and thus a point of the line gh, viz. 9, corresponds 
with concentration Fe,O,. 

It follows immediately from this what curve we must get, when 


I) These Proc. 19, 175 (1916) REINDERS has supposed the existense of such an 
equilibrium but the results of the experiments of Sosman and HOoSTETTER, were 


unacquanted at that time. 
2) Journal Amer. chem. Soc. 38, 837 (1916). 
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we start from Fe,O,, and every time take away a quantity of the 


Fig. 2. 


vapour phase at the constant temperature of e.g. 1100°. The total 
concentration will then change in the direction from Fe,O, to Fe,O,, 
and in this the pressure will also be. subjected-to a change. 

First the pressure will gradually descend from p to f. During 
this decrease of pressure two phases coexist, viz. mixed erystals rich 
‚in Fe,O, and vapours consisting almost exelusively ofoxygen. When 
the pressure has fallen to that of the three-phase equilibrium e FS: 
a mixed crystal phase g rich in F,O, will be deposited by the side of 
the mixed crystal phase / rich in Fe,O,, and a three-phase system 
arises of which the phase rule demands that the pressure remains 
constant in case of equilibrium. On continued withdrawal of a part 
of the gas phase, during wbich the total concentration continually 
moves to the right, the pressure therefore remains constant until the 
last trace of the mixed crystal phase rich in Fe,O, has entirely 
disappeared. At this moment only the vapour and the mixed crystal 
phase g rich in Fe,O, coexist, and on further withdrawal of the gas 
phase the pressure will again descend regularly, in-which the solid 
phase moves downward along gi. 

When we now draw the vapour tension as funetion of the total 

concentration, theory prediets that 

> on partial mixing of the two oxides 

| Fe,0, and Fe,O, in the solid state, 

P f a broken line as is schematically 
represented in fig. 3, will be found, 

{he middle part of which runs 
j horizontally. 

FE,0, T FR;0, This is the theoretical curve, 
Fig. 2. and now it is directly to be seen, 
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in what the experimentally determined curve will differ from it. 

In the first place it is self-evident that through all kinds of 
disturbing influences of these small pressures, as e.g. the presence 
of traces of adsorbed gases or contaminations, and the slow PrO- 
gress of the dissociation, there is a great chance that the middle 
part will not be found to be. horizontal, but more or less sloping; 


00 


| A 
p g 1209° 
eo 
E 
E 
P 5 
3 AN 1100° 
a ’ 
1 
FR,0, x Fr,04 FE20; FEz04 
Fig. 4. Fig. 5: 


and in the second place the transition of the two sloping parts to 
the horizontal part will not be found to be discontinuous, but always 
continuous, especially when many observations are made in the 
immediate neighbourhood of f and g. Instead of the above given 
broken line the continuous ceurve of fig. 4 will, therefore, be found 
in the most favourable case. 

When with these curves we compare the lines found by SOSMAN 
and Hosterter, which have been reproduced in fig. 5, we see that 
the found curves closely resemble those which theory led us to 
expect for only partial mixture of Fe,O, and Fe,O, in the solid state. 

Everything depends on this whether the non-horizontal course of 
the middle portion is essential or not, for if this is essential and 
the observed pressures correspond with the states of equilibrium, 
this course of the isotherm would really plead in favour of the 
existence of a continuous mixed erystal series. Sosman and HosTETTER 
see a confirmation of the view that the mixing of Fe,O, and Fe,O, 
is continuous in the fact that the indices of refraction of the mix- 
tures change far from proportionally with the quantity Fe,O, between 
hematite (e — 2,78) and magnetite (n = 2,42). 

They.give namely the following results. 
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Concentration of the mixture | & for 700 gm 


Hematite 2.74 
0.580%/, FeO 2.74 
er | 2.73 
12.9 20 5 2.12 
19.112,52, 2,71 
12, 2.71 


Magnetite (31.03 %/, FeO) 2 a2 


lt seems to us that they overlook in this that in case of unmixing 
it is by no means impossible that the phase rich in Fe,O, of the 
equilibrium of unmixing would show a much-stronger refraction in 
consequence of its content of Fe,O, than the pure magnetite. This 
possibility is by no means improbable, because it already follows 
from the above determinations that independently of the fact whether 
or no unmixing is assumed, the refraction must diminish much 
more rapidiy somewhere in the optically not investigated region 
than on the Fe,O, side. 

It should besides be considered that, as also Sosman') remarked, 
if we assume a continuous series of mixing between the hexagonal 
hematite and the regular magnetite, this would be an instance of 
a continnous ‚mixture between non-isomorphous substances, which 
has not yet been experimentally observed in a single case. 

Now if we assume that from the p,a-figure at-1100° and 1200° 
we must actually conelude to a continueus mixed erystal-series 
between Fe,0, and Fe,O,, the said diffieulty can still be obviated 
by the assumption that at this temperature the two oxides are iso- 
morphous; as Sosman and Hosrerrer found that the homogeneous 
mixed crystal phases are bi-refringent, magnetite would have to 
possess a point of transition below 1100°, above which point the 
regular form is metastable. This not very probable change of erystal 
class has, however, not been observed, and can besides not render 
the continuous mixing plausible for temperatures below that of the 
point of transition. 4 

However this may be, the existencee of a continuous series of 
mixing of Fe,0,-+Fe, OÖ, does not seem proved to us, and we 


!) Journ. of the Washington Ac. of Science 7, 10 (1917). 
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deem it, therefore, desirable to consider the possibility that in fig. 1 
there should be added another three-phase curve, viz. that for 
Fe,0, + Fe,0,+G Iying under that for FeO + Fe,0, +6. 

This situation gives rise to (he question, whether this new three- 
phase line can intersect another. If it intersected the three-phase 


line for Fe+Fe,0,+G, the mutual relation would be as given 
in fig. 6. 


LoGK 


Fig. 6. 

The conclusion that the three-phase lines for Fe+ FeÖ +G and 
Fe, O, + FeO + G intersect, and that this point of intersection indicates, 
therefore, the lowest temperature at which FeO can occur stable 
by the side of the gas phase G, is entirely in accordance with the 
sign of the conversion which must take place in this point on 
withdrawal of heat, viz.: 

4 FeÖO—Fe+Fe0,-+a cal.') 

When also the three-phase lines for Fe+ Fe, O, + G and Fe, 0, + 
+ F,O, + 6 intersected in the way indicated here, then the conversion : 
"3 Fe8,0,—>Fe+4Fe, 0, 
would have to take place in this point ofintersection on withdrawal 
of heat, but this is in contradietion with the heat-effect of this reaction. 
It follows namely from the measurements that: | 
3Fe,0, > Fe + 4Fe,0,—b cal.) 

The supposition expressed in fig. 6 should, therefore, be rejected. 

Now there remain two possibilities, namely these that the two 
three-phase lines for Fe, 0, + FeO +G and Fe,0,+Fe,0,+ & 
interseet at higher temperature, but that melting sets in, before this 
intersection takes place. In this case we get a situation as has been 
schematically given by fig. 7. 


D) Comptes Rendus 120, 623 (1895). 
2) loc. cit. 
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LoGK 


Fig. 7. 


Another possibility is this that the just mentioned intersection 


does take place in the stable region, and then the situation of the 
lines is represented in fig. 8.') 


LoGk 


Fig. 8 


It will be pretty easy to decide experimentally which of these 
two figures represents what really takes place. We will draw the 


attention on the fact that the transition point of iron is intensionally 
not considered here. 


The Blast-Furnace Process. 


What precedes gives time a survey of the three-phase lines and 


) It is clear that when Fe0O, and Fe,O, become miscible above a definite 
teınperature in all proportions, the line for Fe3O, + Fe,0,+G ends abruptly. 
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the two-phase regions in the system Fe—0l0O—C ; 
H,O), and this has rendered “ possible en ee 
side e reduction 
processes, which e. g.take place in blast-furnaces, from beginning to 
end by means of a graphical representation '). | 
For this purpose we choose one of our last two figures, e.g. the 


Fig. 9. 


more probable one, fig. 7, and draw in this the line p@ for the 
equilibrium 

C0,+C022C0 
as this is situated in the blast-furnace. 

Thus arises fig. 9, and the processes that take place in the blast- 
furnace are read from the graphical representation bearing in mind 
that then the course of this line of equilibrium should be followed 
through the different regions given here. We then start from point 
P and end in point Q. 

In this way we see that theoretically the reduction from Fe,O, to 
Fe,O, takes place for the first time in the point a, then in db the 
reduction from Fe,O, to FeO, in c that fram FeO to Fe, and finally 
in d melting of the iron. Hence we shall remain in each of these 


ı) The Figure can easely be completed considering the formation ot cementit 
but this is omitted here intensionally. Reinpers (Proceedings 19, 175 (1916) has 
already indicated partly the equilibriums with cementit. 
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points of interseetion which represent four-phase equilibria on addition 
of heat, until one of the phases has been completely converted. 

It is known that especially the equilibria with carbon are com- 
paratively slowly established below 800°, which is the reason that 
in experiments with flowing gas, the just mentioned stage-wise 
reactions are found at temperatures above those corresponding with 
the points a, db, and ce. 


Derwation of the P,T-Figure of the System O—Fe from the Equilibria 
of the Iron-Oxides with Redueing resp. Oxidising Gases. 


When it is borne in mind that an equilibrium as the following: 


Fe,0, + H, 30 +8,02 Gr 
may be conceived as consisting of the two equilibria: 
2Fe,0,32 6860 FO, ar er 
and 
2H,0 22H, +0, (15) 
and likewise 
F8,0, +00 Z3Fe0 +00, : . .....(2) 
as consisting of the equilibria: 
206,0, 60.0 Re 
and 
260, 200 O5. vo ae 


it is clear that from the equilibria (1) and (15) resp. (2) and (2b) 
the situation of (la) can be derived, and the same thing may be 
said in reference to the other equilibria that are considered here. 

It also follows from this that where the three-phase line for 
FeO + Fe,0, + (CO + C0,) "was studied, also FeO + Fe,0, +0, 
were in equilibrium with each other. Hence the shape of part of 
the P,T-projection of the system O + Fe can be derived from the 
situation of the determined lines of equilibrium. 

Thus it is immediately seen that, the three-phase lines for Fe+ 
FeO + (CO + C0,) and for FeO + Fe,0, + (CO —+ CO,) intersecting 
this must also be the case with the three-phase lines of Fe +Fe0+G 
and of FeO + Fe,0,+G in the system O—-Fe. 

When we express this in a diagram, and when we also assume 
the existence of the three-phase line Fe,O, —+ Fe,O, + G,, we arrive 
at the following P,T-projection (Fig. 10) on the assumption, as was 
also supposed in fig. 7, that the three-phase lines FeO + Fe 0, +6 
and Fe,0,—Fe,O, + G do not interseet in stable points. 

Accordingly this projeetion presents the peculiarity, which up to 
now has never yet been observed in a case like this, that 
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namely two three-phase lines for two solid phases and vapour, 
intersect, without inverse melting taking place in the system. In 
case of inverse melting such an interseetion must take place, as 


was before demonstrated by one of us'); the case of such an 


Fig. 10. 


interseetion without inverse melting, had however not yet been 
considered, so that the system O—-Fe teaches us something new here. 

When we now consider the possibility of a stable intersection of 
the two three-phase lines for FeO + Fe,0,-+ G and Fe,0,+ Fe,0, +6 


z Fig. 11. 
according to the supposition in fig. 8, we gel a shape for the 
P, T-projeetion of the system O — Fe as indicated in fig. 11. In 
this case the three-phase line for Fe, 0, + L+G would, therefore, 
. be metastable. 


1) A. Smıts; Zeitschr. f. Elektr. Chem. 18, 1081 (1912). 
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Caleulation of the Oxygen-Pressure of the Dissociation- Equilibria. 


When we know the constant of equilibrium ofan equilibrium like 


MECO, &MD FE CODT 
resp. M-HOZMO+B IS 
and likewise the constant of equilibrium of the equilibrium: 
200, 2200-70, 
resp. 2H. 0 22H, 40, Fre Ra 


at the same temperature, the oxygen pressure follows immediately 
from these data. 
From (3) follows namely: 


Pco 
K = 
Pco, 
and from (4) 
P°coPo, 
Syn, Be 
so that 
Kr. a 
or 
Pe Kroo, 
= 
K°’ 
hence ; 
log Po, = log Kr, — 20ER: ri (5) 


In this way the oxygen pressures for the equilibria of dissoeiation: 
2Fe0 Z2Fe + O,, 
2Fe,0, 26Fe0 +0, and Fe,0,23Fe-+ 20,, 
have been caleulated by us between 400° C. and 1000° GC. 

We had to use for this an equation of log Kp for the CO 
dissociation equilibrium. Wishing to apply this equation for ne 
ratures between + 500° and + 1000°, we have substituted the 
heat-effect corresponding to the temperature of about 800 °, viz. 
— 133000 cal. for E in the equation : 

din K. E 
dt 7 RT 
and put Zre, = (0, so on integration we got: 

133000 


logK. = 


or: 


133000 
Km trleaTter I 
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Then C’ is chosen so that agreement is obtained with the experimental 
data‘). Thus was found e.g. when p is indicated in atmospheres: 


log K pen — 13000) = — 13,45, 
When we substitute this value in our equation for log K,, we find: 
ee 158 
and then equation (7) becomes: 
log K SE RETNLTEER T-+5,8 
a 9 2... & 
or 
0. = — Dale ,58-7... 0.24 (9) 


When we now calculate log K,, by means of this equation for 
‚temperatures between 400° C. and 1000° C., we find what follows: 


TABLE I. 
€ | = Ds, 
(p in Atmospheres) 
400 — 34.6 
450 — 31.5 
500 — 28.9 
550 — 26.7 
600 — 24.6 
650 — 22.8 
700 — 21.1 
750 — 19.6 
800 — 18.3 
850 — 17.1 
90 | — 15.9 


When at te same temperatures and pressure we now also know 
the values of logK for the equilibrium in the gas phase of the 
- different three-phase equilibria in the system Fe — CO — CO,, then 
follow from equation (5) the values for the oxygen tensions at the 
different temperatures. 

The values of log K for tle equilibria Fe + C0,ZzFe0-+ 00, 
3Fe0 +C0,2 Fe,0, + CO and 3Fe + 4 00, Fe,O, + 4C0, have 

1) Agese, Handbuch Ill, 2. 183. 
26 
Proceedings Royal Acad. Amsterdam. Vol. XXI. 
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TABLE Il. 


Fe --CO, > Fe0+CO 


3 FeO + CO, = FesO, + co 


3 Fe+4C0, ZFe30,+4CO 


log DR 12 K, log K, — 2logK,;=log Po, 10 Ko log Ko — 210g K;=logP,, log K’; log Ko —2logK’ =logP,, 
CO, COg CO, 
400 — 34.6 — 0.16 — 34,3 
450 — 31.5 — 0.10 — 31.3 
500 — 28.9 — 0.05 — 28.8 
550 — 26.7 | — 0.01 — 26.7 — 0.11 — 26.5 
600 — 24.6 | + 0.06 — 24.7 0.17 — 24.3 
650 | — 22,8 | + 0.12 | — 23.0 0.23 — 22.3 
700 | — 21.1 + 0.18 | — 21.5 0.29 — 20.5 
7550| — 196 | + 0.22 — 20.0 0.34 — 18.9 
80 | — 18.3 | —+ 0.27 — 18.8 — 0.39 —: 17.5 
850... SIT 1 0.311 7 — 0.44 ul 
900 — 15.9 | + 0.34 — 16.6 — 0,49 — 14.9 


log Ppe 1 FeO+O, 
(in atmospheres) 


De 


log PfeQ + Fe,0,-+0, 
(in atmospheres) 


108 Fre + FesOy + Q; 
(in atmospheres) 
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been borrowed from Reınpers ’s paper on: “The Equilibria of Iron 
and Iron Oxides with Watervapour and Hydrogen” }), 
The results of these caleulations of the oxygen tensions have been 
expressed in the following table 2. (See table 2 pag. 398). 
In this table we find, therefore, the oxygen-dissociation tensions 
of the equilibria: £ 
2Fe0 Z2Fe +0, 
2Fe,0, Z6Fe0 +0, 
and 
Fe,0, Z3Fe + 20, 
and we see from this that these expressions are very small, as was 
to be expected. 
No importance is, of course, to be attached to the absolute values 
of these pressures, from which we should have to conelude to the 
presence of one gas-molecule in many litres, when we continue to 
consider the ordinary gas-laws as valid, because the formulae which 
we used in our calculation rest on the supposition that we have 
to do with a great number of molecules. Yet at the lower T the 
real oxygen pressures corresponding to these calculated numerical 
quantities will be so exceedingly small that the question suggests 
itself whether the oxidation of the redueing gas, which in this case 
proceeds with pretty great velocity, can still be considered as a 
homogeneous gas reaction. ”) 


P,T-Projection of the System O—Fe. 


By the aid of these data we are now able to indicate part ofthe 
P,T-projection of the system O—Fe, when we put the found 
oxygen-pressure equal to the total pressure. 

When in this projection we also indicale the points p and q 
which would follow from Sosman and HostktTer’s observations for 
the vapour pressure of the equilibrium Fe,O, + Fe,0, + G, corre- 
sponding to the temperatures 1100° and 1200°, starting from the 
supposition that the almost horizontal part of the isotherms of disso- 


yEe 

2) Entirely analogous questions suggest themselves in the study of tie mechanism 
of the reactions between e.g. solutions and salts, or between metals with very 
small solubility-product and eleetrolytes. Especially in the lalter case the numerical 
values, which denote the electron concentration in solution, can be exceedingly 
small, as one of us showed already. *) 

*) Zeitschr. für physik. Chemie.92, 1 (1916). " 
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Artan found by them actually refers to this three-phase equilibrium, 
we get the P,T figure (12). 


400 600 800 100 mc T—> 
Fig. 12. 

Of course these two last mentioned isotherms are perfectly inadequate 
to determine the direction of the three-phase line for Fe,O, + Fe,O, 
+ 6 with any certainty; we will, therefore, only point out that the 
situation of this three-phase line, as it would follow from these 
two data, with respect to other three-phase lines, would be in good 
agreement with the expectation expressed schematically in fig. 10 
oraig, 14: 


(General and Anorganic Chemical 


Laboratory of the University. 
Amsterdam, June 28, 1918. 


Chemistry. — “On -the System Ether-Chloroform”. By Prof. A. 
Sms and V. S. F. Burckmans. (Communicated by Prof. S. 
HooGEWERFF). 


(Communicated in the meeting of June 29, 1918). 


1. Our investigation on the system ether-chloroform was prompted 
by a remark of a physician addressed to one of us. He namely 
drew our attention to the comparatively great generation of heat 
which oecurs when these two substances are mixed, a phenomenon 
that was first observed by Gursrıs '), and had given occasion to 
the assumption of the existence of a so-called moleceular compound 
of the composition (C,H,),O.CHCI,, because the heat-effect just 
reaches a maximum value for a mixture of this concentration, as 
follows from the adjoined figure 1. 

GutHrıE thought he found a further support for this assumption 
in the results of his researches 
on the volume contraction and 
the vapour tension of ether- 
chloroform-mixtures, and it seems 
„ Ar 60 0 20, that he has also tried to test his 

OL.PROC. CHCLy s S 
assumption by means. of deter- 
minations of the point of solidific- 
ation. He namely says: “The liquid of the said concentration 
solidifies below 0° to a white crystalline mass at a constant tem- 
perature, which I shall state when I shall have determined it 
accurately”. Gururıe has, however, not come back to these determi- 
nations of the point of solidification. 

Afterwards DoLszauLek and Scnurze’s?) researches on the generation 
of heat and volume contraction led them to the result that these 
phenomena are maximum for an equimolecular mixture of ether 
and chloroform. In the conviction that these phenomena were to 
be aseribed to the formation of a compound they have tried by 
fractionated cıystallisation to separate this compound and found in 


Figl 


ı) Phil. Mag. 5 18, 508 (1884). 
3) Zeitschr. f phys. Chem. 83, 45 (1913). 
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this way about —80° for the point of solidiication, when using a 
pentane tbermometer. Like Gvrmrıs before them, DOoLEZALEK and 
Schurzs arrive in this way in virtue of their observations at the 
conelusion that in the system ether-chloroform an equimolecular 
compound makes its appearance, which is more or less dissociated 
in the liquid phase. 


2. In order to be able to answer with perfect certainty Ihe 
question whether or no a compound is formed, it is necessary to 
determine the melting-point figure of the system, and this is the 
reason why this inquiry has been taken in hand. 

The results recorded in the adjoined table were obtained by means 
of ps Leruw and Zernıke®’s quick and sensitive resistance thermometer, 
a manufacture of the Amsterdam anorganic-chemical laboratory. 

When these results are represented in a 7, X-diagram, we get 
the following figure. 


ÄETHER. ne CHLOROFORM. 
Fig. 2. 
This figure (2) shows in the first place that the supposition of 
GUTARIRK, DOoLEZALEK, and SCHULZE is correet, and that in this system 
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2 \Weigbt in Molecule Ist point of |Final point of 
er grammes percentages solidification solidification 
58 
2 E | | Repetition 
3 CHCI; |(CH;);0 | CHClz | (C5H;).O | with old 
a | | mixture 
1 = = | 100.00 _ — 66.5 
2.121.545 1.479 90.04 9.96 — 126 | — 72.3 
3 | 21.509 2.975 81.77 18.23 — 718.7 
+ 8.358 2.223 70.00 30.00 — 93,5 —u9573 
5 19.807; 4.226 69.89 30.11 — 94.2 | — 9.8 — 9.1 
6 8.119 2.371 68.00 32.00 — 93.6 
6a | 8.119 2.371 68.10 32.00 — 93.5 — 94.1 
a 1.952 2.468 66.66 33.33 — 93.5 
Ta | 1.92 2.468 66.66 33.33 — 93.3 
8 1.761 2.594 65.00 35.00 — 9.6 | — 3.6 
82 | 71.161 2.594 | 65.00 35.00 — 9.9 
9 1.283 2.890 61.00 39.00 — 96.0 — 98.1 
10 7.164 2.964 60.00 40.00 — 96.4 — 97.4 
11 | 14.328 6.022 59.62 40.38 — %.8 | — %.4 
12 6.567 3.335 55.00 | 45.00 — 9.1 — 97.4 
13 | 11.947 7.414 50.00 , 50.00 — 94.4 | — 94.4 
13a | 5.970 3.705 50.00 50.00 — 94.4 
14 | 11.956 9.021 45.13 54.87 — 95.8 
15 4.716 4.446 40.00 60.00 — 99.7 
15a | 11.41 10.609 40.03 59.97 — 99.9 | — 99.8 
16 4.179 4.817 35.00 65.00 —104.8  —105.1 
16a 4.179 4.817 35.00 65.00 —104.9 
17 3.976 4.935 33.33 66.66 —108.1 
18 7.198 11.266 30.05 69.95 —111.4 | —110.5 
18a | 3.582 5.196 29:97 710.03 — 111.4 
186 | 3.582 5.226 29.84 70.16 —111.4 
19 3.224 5.409 27.00 73.00 —114.3 
20 2.985 5.558 25.00 75.10 —114.7 
20a 2.985 5.558 25.00 75.10 —114.3 
21 4.198 | 11.888 20.03 719.97 —117.2 | —117.5 
2la 2.388 5.928 20.00 80.00 —117.6 
22 4.327 DISINT: 18.65 81.35 —118.4 | —118.3 —121.7 
23 1.791 6.302 14.99 | 85.01 —121.5 —121.7 
24 1.991 | 11.113 10.01 89.99 —119.9 | —120.1 —121.6 
24a | 1.993 | 11.133 9.99 90.01 — 120.2 
25 0.616 1.063 5.13 94.87 —118.3 
26 — = — 100.00 —116.4 | —116.4 
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an equimolecular compound with a point of solidification Iying at 
— 94-4°, is actually present; but —, and this particularly gives 
evidence how necessary the study of the melting point figure is to 
obtain full certainty about the appearance of compounds, — we see 
at the same time, that besides the mentioned two other compounds 
appear, viz. of the concentration 2(0,H,),O.CHCl, and (C,H,), 
O.2CHCI,; the latter of tkese has a point of solidification at 
— 93,3°, and the former does not present a stable melting-point, 
but before this temperature has been reached, viz. at — 113,8°, it 
is subjected to the following conversion: 
2(C,H,, 0.CHCl, —> (C,H,), 0.CHCl, + L. 

It is now interesting to consider in connection with this the 
p,e-figures of the same system, as they have been found first by 
Konnstamm and van DALFsENn, and then by DorLzzaLek at 33°,25; 
60°, and 100°. (fig. 3). 


—> mibı Ent. 


Pig. 3. 


It is now very probable that the peculiar shape of these p,r- 
figures, especially that for the lowest temperature, is influenced not 
only by physical forces, but by the side of them also by chemical 
forces. 

General and Anorganic-Chemical Laboratory 
of the Unwersity. 

Amsterdam, June 26, 1918. 


Physics. — “/nvestigation by means of X-rays of the erystal- 
structure of white and grey tin. 1’. Communication N°. 1 from 
the Laboratory of Physies and Physical Chemistry of 
the Veterinary College at Utrecht. By A. J. Bwun and 
N. H. Kowkmeier. (Communicated in behalf of Prof. 
.W. H. Keesom, Director of the Laboratory, by Prof. 
H. KAMERLINGH ÖNNES). 


(Gommunicated in the meeting of June 29, 1918). 


Till now three methods of investigation by means of X-rays of 
the inner structure of erystals have been used. That of FrisDrich, 
Knıppıng and LavE') and that of the Brace’s”) can only be used, 
when rather large, well-formed erystals, of which the erystal-system 
is known, can be procured. On the contrary the use of Dass and 
SCHERRER’S ’) method requires a great number of differently orientated 
minute erystals *). For that reason this method is the most adapted 
for the investigation of the erystal-structure of those materials that 
are not or only with diffieulty obtainable in larger erystals, e.g. of 
those metals — eventually of those modifications of those metals — 
that are only known in a micro-erystalline state. Another example 
of the probable applicability of tbe method of Dazu and SCHERRER 
is found in the solidified gases, which till now are not to be 
obtained in sufficiently large erystals of exactly defined orientation. 

The investigation of different modifications of the same material, 
e.g. allotropical states of an element, is specially interesting. This 
investigation has already been initiated by Onım and Bur, who 
published lately in these Proceedings their interference-photos of 
graphite and diamond.°) In the meantime Drsiyw and SCHERRER ‘) 
investigated the same materials and also so called amorphous carbon 


ı) W. FrieprıcHh, P. KnIPpPInG and M. Laus, Sitz.-Ber. d. K. Bayer. Akad. d. 
Wiss. Math.-Phys. Kl. 1912, p. 308. 

2) W. H. and W. L. Brage, X-Rays and Grystal-Structure. London, 1916. 

5) P. Desıse and P. SCHERRER, Nachr. d. K. Ges. d. Wiss. zu Göttingen. Math. 
Phys. Kl. 1916, p. 1. 

4 A. W. Hu, Phys. Rev. (2) 10 (1917), p. 661, evidently arrived independently 
of DEBISE and SCHERRER, at rather the same method. 

6) J. Orım and A. J. Bısz, Proceedings Roy. Ac. Amst. XIX (1917),p. 920. 

6) P. DeBıse and P. SCHERRER, Physik. ZS. 18 (1917), p. 291. 
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and succeeded in determining the structure of these modifications 
of carbon. 

In connection with the investigations, which have already been 
made of silicium, lead, and the modifications of carbon, we have 
in this investigation set ourselves the task, to determine the structure 
of still another element of this group of the periodieal system, the 
tin namely in two of its modifieations, the grey and the white ones. 

The X-rays were for the greater part of our photos furnished by 
a Röntgen-tube, constucted after a drawing, which Prof. DesBızw and 
Dr. Scherrer kindly procured us, and which must be considered 
as a modification of the tube, constructed by Rausch von TRAUBENBERG !). 
The anticathode was a copper one, the parallel-spark-length (point- 
disc) measured 6 cm. The X-rays left the tube by an aluminium 
window of 0,02 mm. thickness, afterwards passed a lead screen, 
thiekness 34 mm. with an opening of 2 mm. diameter and entered 
then a cylindrical camera of 27,3 mm. radius. In the axis of the 
camera the material, to be investigated, was placed in the form of 
a bar of 2 mm. diameter. The white tin bar was filed from a 
thieker bar, which for the diminution of the erystals and in order to 
obtain irregular orientation of these, was beaten for some time 
with the hammer. The grey tin was pressed into a small bar. 
We obtained this material through the kindness of Prof. Conen, 
to whom we therefore render our thanks. A photographical film 
(thiekness 0,2 mm.) was stretehed along the wall of the camera 
and pressed against it by springs. The exposition-time was 4 hours. 

During the preparative experiments we observed that in excess 
of the interference-lines of the tin, still others were obtained, of two 
different kinds. The first” resembled hyperbolas, the centre of 
which was in the point, where the beam of characteristie rays, 
after having passed the investigated preparation on both sides, fell 
on the film. They must be aseribed to the interference of rays, 
which are diffracted by the silver-bromide of the film. The second 
kind had the same direetion of eurvature as the lines, which originated 
from the preparation in the axis of the camera, they interseeted 
these lastmentioned however at some points, which indicated, that 
here too the origin was not to be sought for in the preparation. 
We got the evidence, that the origin of them was to be found in 
the back-opening of the lead sereen. which opening was in the wall 
of the camera. We got rid of the first kind of undesired lines by 
making a cireular hole in the film, at the place, where the beam 


') H. Rausch von TRAUBENBERG, Physik. ZS. 18 (1917), p. 241. 
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fell upon the film, as indeed Dasıy and Scherrer already did too. 
The coming up of the second kind of undesired lines was avoided 
by extracting the lead screen a little from the surrounding brass 
tube, so that the rays coming from the lead, were screened from 
the camera by the remaining wall of tlıe camera, or by widening 
the end of the screen, which was directed to the film so much, that 
the rays, emerging from the back edge of the not-widened part of 
the screen, were arrested by the widened part of it.‘) 

On the photos, obtained by us of the white, as well as of the 
grey tin there appear points on the lines, as were also observed by 
Desiss and ScHERRER on. their photo of silicium. They must be 
ascribed to larger erystal-parcels. ?) 

In order to facilitate the comparing of the results for white and 
grey tin, we have indicated in the drawing underneath, one under 
the other for both these materials, by vertical lines the places, where 
the interference-cones intersect the film in a plane, perpendicular to 
the axis of the preparation. The numbers at the bottom give the 
distances of the lines to the intersection of the axis of the penetrating 
beam with the film in mm. By greater or smaller thickness of 
the lines at the top and the bottom respectively the intensity of the 
lines is given, as it was estimated by us in five degrees, namely: 


I) Perhaps it is worth while, to state, that the eriticism, exerled by TAyLoR, 
Physik. ZS. 17 (1916) p. 316 on artieles of Laus, Physik. ZS. 15 (1914) p. 732, 
844, seems not to be founded, now that we too found, that characteristice X-rays 
when going through a leaden screen, can give interference-lines, .originating from 
the edges of the screen. 


2) The length-direction of these oblong points is the same as the direction of 
the interference lines. The explanation of this is as follows. On a single point of 
a plane out of the atom-net of such a erystal-parcel there falls, on account ofthe 
imperfect parallelism of the beam, which has passed the screen, a convergent 
conical beam of rays (first cone). If-the net-plane, mentioned, has such a position 
that for a direction of rays in the axis ofthis last beam the condition for favourable 
interference is fulfilled, then there are in this heam still other direetions of rays, 
for which this condition is just as well fulfilled The collection of these directions 
is found by describing a cone, with the normal on the plane mentioned, as axis 
and the axis of the first cone as one of the describing lines (second cone). All 
the deseribing lines of the second cone that are within the first cone, fulfill the 
condition for favourable interference. After their reflection all these rays form together 
a diametrically opposite part of the second cone. Just there however the 
second cone is tangent to the third cone, formed by the reflecled rays, which 
are obtained by letting the reflecting plane take all possible positions favourable 
for interference. Now, where the film intersects with both the last cones, the 
intersection-lines will be tangent lo each other. One of these intersection-lines i$ 
an inierferenceline, the other such an oblong point. ® 
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very feeble, feeble, moderate, strong, and very strong. On the axis 
of the drawing the greatest error, that possibly is made at the 
readings is indiecated by the distance of two little lines (to the left). 

Froın the photo of the grey tin it follows in the first place that 
this material is erystalline, which fact, so far as we could find, at 
present was unknown.') Further there appears to be a difference 
between the crystal-structure of grey and of white tin. We intend 
soon to communicate the composition of both the atom-nets. 

In coneluding we thank Prof. Krrsom very much for the kindness 
with which he placed all the requisite apparatus for the experiments 
at our disposition and for his interest and cooperation. 


Eesti 


!) [Note, added during the translation]. After this communication had been 
printed in the Dutch edition, we found, that von Fovızon (Jahrb. d. Kais.-Kön. 
Geol. Reichsanst. Wien. 34 (1884), p. 367) as well as Frırsche (Ber. d. d. Chem. 
Ges. 2 (1869), p. 112 and 540) assert, that grey tin is erystalline. It does not 
appear in what manner these seientists have verified the crystalline condition. 


GREY WHITE 


Geology. — “On Tin-ore in the Island of Flores”. By Prof. 
A. WICcHMANN. 


(Communicated in the meeting of June 29, 1918). 


Some years ago Il maintained on the ground of geological studies 
that tin-ore does not occur in the island of Flores, at all events 
not to an amount worth mentioning '). As appeared from a memoir 
brought forward last year by Prof. $. J. Vrrmass, the author is 
otherwise-minded ’). I think it worth while to study the author’s 
arguments, which he pretends to be based on the doctrine of the 
deposition of ore, on ethnography and on metallurgy. 

Geological researches have not been made in Flores of late years, 
so that in this respect there was no need for revising my paper. 
Nevertheless Prof. Vrrmars supposes he has been fortunate enough 
to make a discovery, which throws a new light upon the matter’). 
This finding appears to be nothing else but a piece of tin-ore, 
exposed in the Üolonial Museum at Harlem, “weighing 131 grms 
and composed of chlorite and tin-ore with fissures, in which oceurs 
some kaoline. Besides the two mentioned minerals a single grain of 
chaleopyrite is also noticeable”. 

Prof. Vrrmars altogether fails to see that the finding place 
“Gunung Rokka”, indicated on the label must be fietitious, since 
the mountain — the Inije Rije of the natives — is a volcano and 
even now is in the condition of solfatarie activity *). Indeed, not 
one of the researchers has ever found the least indication of the 
oceurrenee of ores on that mountain and even Ö. J. van SCHELLE, 
who never shrank from a bold hypothesis, has wisely refrained from 
making inquiries after tin-ore in the volcanoes of Flores. He looked 


I) «On the tin of the Island of Flores”. These Proceedings Amsterdam. Vol. 17, 
1914, p. 474— 490. 

2) Tinerts op Flores. De Ingenieur. 3%. ’s.Gravenhage 1917, p. 584— 5%. 

Y1.c.p. 58. | 

4) J. J. Panwekoek van Ruepen. Overzicht van de geographische en geologische 
gegevens, verkregen.... van het eiland Flores in 1910 en 1911. Jaarboek van 
het Mijnwezen in Ned.-O.-Ind. 40. 1911. Batavia 1913, blz. 219—220. — Eenige 
geologische gegevens omtrent het eiland Flores. Jaarboek van het Mijnwezen. 39. 
1910. Batavia 1912. Verhandelingen, p. 135— 136. 
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for it, at haphazard in a distriet supposed by him to contain tin- 
ore, which was partly overlaid by volcanie formations '). 

As to his arguments based on -metallurgy, it strikes us that Prof. 
Vermars has deemed it unnecessary to inquire further into the matter 
as regards tin, or he could not have written as follows: “He 
(Wichmann) also eites what he wrote before, namely that tin-ore 
could not be reduced by burning grass. I have often seen alang- 
alang burning, still I would not make bold to say on metallurgical 
grounds what WıICHMANN presumes’)”. A geologist will not confine 
himself to merely “see” an alang-alang field “burning”, but will 
also try to watch the effect such a fire has on the components of 
the soil under it. I myself experienced that the volcanie sand and 
the lapilli of augite-andesite at the foot of the Batu angus baru in 
the Minahassa did not change a bit. Nor could anything else be 
expected, for the grass (/mperata eylindrica Beauv.) furnishes such 
an insignificant quantity of fuel that it is burnt away in a trice. 
This short burning process does not even extend as far as the roots, 
so that when Ihe West Monsoon sets in, the grass begins to sprout again. 

Prof. VurMmazs continues: “We read, however, in VAN SCHELLE’S 
report: ““When the forests are on fire, part of the ore seems to 
be reduced ... .””, after which Prof. Vermars concludes: “If, 
therefore, a mass of tin-ore is imbedded near the surface in the 
root-leaves of a large tree and, after felling the tree, a pile of 
combustible materials is kindled at the stump, there is no doubt but 
that the tin-ore is reduced to metal’). 

First and foremost I wish to quote a passage from P. van Disst’s 
well-known work on Banca: “The remainders of a charcoal-furnace *) 
are identified by the natives as the spot near which it is supposed 
that fin was first discovered in Banca, that is after the burning of 
part of the forest near the spot °). The belief in those stories is 
negatived even more, when we refleet that the heat produced by a 
burning pile of.tree-trunks is not adequate to reduce tin-ore with- 
out a certain amount of coal being mixed with them, especially 


!) Verslag van het onderzoek naar het voorkomen van tinertshoudende gronden 
op Flores. Extra-Bijvoegsel der Javasche Courant. Batavia 1800. NP. 10. (Uittreksel: 
Tijdschr. voor Nederl.-Indi&. Zaltbommel 1890. 2, p. 79). 

?) The italics are mine. 

3) The italics are mine. 

*) On the Sambong giri hill near the Lindjoe mine. 

°) Tradition says this happened in 1710. (F. Epr, Schilderungen aus Archipel. 
Indiens Heidelberg 1841, p. 134; J. H. Croocxewır. Banka, Malakka and Billiton. 
The Hague 1852, p. 184). 
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not in the case of the evarse-granular ore at the foot ofthis hi 

This assertion is apparently founded on the fact that tin-ore is 
one of the minerals that are diffieult of fusion, but that it ig easily 
reduced to tin by the addition of chareoal. This assertion does not 
satisfy us any more than Verrmans’s pronouncement that “there is no 
doubt but that the tin-ore is reduced to metal”, by means of a burning 
pile of wood. An experiment does not seem to have ever been made. 

The melting point of tin-ore as established by R. $. Cusack at 
1127° C.?), seems to me to be too low, as bigher points are found °) 
for much more fusible minerals, e. g. for augite 1100°--1200° 
(according to ©. Dorwrer ?)) and for plagioclases (labradorite to 
oligoclase) 1130°—1300° °). Anyhow Cusacr’s melting point (1127°) 
being even higher than the heat produced by the burning of 
living wood — the only wood we have to deal with — it is obvions 
that a burning wood cannot reduce tin-ore to tin. Moreover, whereas 
alang-alang fires may occur repeatedly every year towards the close 
of the West-monsoon, forest-fires are decidediy the exception, so 
that even on this account the required amount of tin could not have 
been produced in this way. 

Furthermore, it still remains to be seen whether the expected 
result can be obtained even at high temperatures. In modern mine- 
ralogical textbooks and manuals — with a few exceptions — the 
hypothesis is advanced that tin-ore does not undergo any change, 
when the blowpipe is applied. This squares entirely with the results 
most inquirers are capable of achieving in connection with the. 
diffieulty of mastering some facility in handling the blowpipe. Years 
ago Berzenius wrote: “Das Oxyd verändert sich und schmilzt nicht, 
aber von einem starken und anhaltenden Reduktionsfeuer kann 
reines Zinnoxyd ganz und gar ohne Zusatz zu Zinn reducirt werden. 
Dies erfordert indessen eine Gewohnheit das Löthrohr zu gebrau- 
chen.”°) This is in character with C. F. PLATTNER’S opinion, who, 


1) Bangka, beschreven in reistochten. Amsterdam 1865, p. 68. 

2) On the melting points of minerals. Proceed. R. Irish Acad. of Sc. (3) 4. 
Dublin 1896—98, p. 413. 

3) Beziehungen zwischen Schmelzpunkt und chemischer Zusammensetzung der 

Mineralien. Tschermaks Miner. petrogr. Mittlg. 22. Wien 1903, p. 399-311. 
 %G. Doerer, Handbuch der Mineralchemie. 1. 1912, p. 663. 

5) The above mentioned melting-points are somewhat too low, as the author 
himself has acknowledged afterwards (Handbuch der Mineralchemie 2. 1. Dresden — 
Leipzig 1914, p. 579). 

6) Von der Anwendung der Löthrohrs in der Chemie und Mineralogie. Uebersetzi 
von H. Rose. Nürnberg 1821, p. 113—114. At present it is extremely diffieult 
to ascertain whether any writer before Berzerıus has obtained the same result. 
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however, adds that in this process & white layer of tin-oxide is 
formed.!) W. A. Ross, on the contrary, maintains that the ore does 
not melt “aber eine weisse Ausblühung kommt hervor” ?). GIORGIO 
Sprzıa again believes that the ore changes, but “non par fusione 
ma par consumo” and he tries to account for the behaviour of the 
tin-ore by stating that in consequence of the intense beat a reduction 
takes place indeed, but that it is incontinently followed by an 
oxidation evolving the white layer. °) Should this interpretation be 
correct, there cannot possibly be any question about redueing tin- 
oxide by heat alone. Now which of us is, to quote from Prof. 
Vermans, the “metallurgist of Flores” who has indulged in fancies sr 
And when the same writer. continues: “WIcHMANnN ought to have 
considered that such utterances cannot but be fatal to the upgrowth 
of a mining concern, of which many experts antieipate great success”, 
I feel urged to say that it is rather disappointing to find that still 
in the year 1918 one is obliged to appeal to the timeworn maxim 
that the man of science does not ask whether or no anything is 
fatal in its effeet on a mining concern but that he considers his 
sole task to be to find the Truth. Apart from this, the effeet of science 
can never be fatal, at all events not for those who know how to 
study it; on the other hand it is always inspiriting, even when an 
inquiry yields a negative result. If tbe mining industry had paid 
more regard to science, they would have been spared many dis- 
appointments in the island of Celebes and they could have saved 
many people’s capital. Presumably they will not have become wiser 
by this time, in spite of all this. 

Furthermore, if we reflect that tin foundries in Flores cannot be 
imagined without charcoal furnaces and agglomerations of tin-slags 
of which no trace was ever found, we are safe to say that Prof. 
VErRMARS’s endeavours to prove the occurrence of tin-ore on metal- 
lurgieal grounds have utterly failed. 

We shall have to dwell more at large on his arguments derived 
from ethnography. In estimating ‚his material Prof. Vermazs has 
entirely neglected to ascertain whether the premiss from which he 
started was correet, which is a common mistake among ethnologists. 


!) Probirkunst vor dem Löthrohre. 5. Aufl. bearbeitet von Tu. Rıcurer. Leipzig 
1878, p. 186. 

2) Das Löthrohr in der Chemie und Mineralogie, übertragen von B. Cosmann, 
Leipzig 1889, p. 161. 

°) Sulla fusibiltä dei minerali. Atti R. Accad. delle sc. 22. Torino 1886—87, 
p- 422. 

%).1.c..p.”588. 
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An early illustration of this error was afforded by J. H. ÜRoocKEWIT, 
who considered the absence of tin-objeets in Billiton — those that 
were found there had been imported from Banca — to lend support 
to his hypothesis that no tin-ore was to be found in that island. 2) 
Conversely C. J. v. Sonszue’s whole argumentation rested only on 
the fact that natives- of Flores were found in possession of tin 
objeets ete., on which fact also Prof. Vrrmars set so high a value. 
This is the logie of a Papuan, who, judging from the knives and 
axes he gets from the merchants in exchange for his birds of para- 
dise, believes that Holland is rich in iron-ore. 

The truck to which the natives attach great value does noı only 
serve as an ormament, but also as’a form of investment, as some- 
times oceurs iu Europe also. There is even among uncivilised nations 
a liking for capitalization, especially among the more intelligent part. 
This tendeney incereases witlı the degree of personal safety. That is 
why the government of a Western Power has always encouraged 
“capitalization”. The natives’ choice of articles of investment is very 
limited compared with that of Europeans, who prize stocks and 
other paper value so highly. Such articles must be proof against 
the influences of the climate and moreover be gaudy and showy. 
In distriets where Europeans have settled or in not too insignificant 
commercial centra coined money, “rijksdaalders”,?) and especially 
gold coins are greatly in favour. 

If the soil does not produce the desired objeets, as is the case in 
nearly all the islands of the Timor Archipelago °), the native is 
obliged to look about for foreign objects. Next t0 weapons and other 
iron tools all the native tribes set great value upon the “muti tanah’”’, 
dirty-coloured orange-red glass beads. They are skilfully wrought, 
but not beautiful and owe their value rather to being “antique” and 
to the fact, that they were not imported after the pre-historie period, 
i.e. after the arrival of the Europeans. 


1) Extraet from the report of a journey across the island of Billiton (Natuurk. 
Tijdsehr. Ned. Ind. 3 Batavia 1852, p. 401. 


2) Dutch coin worth 4/2. 
3) It is true, gold and copper occur in Timor, but by far not sufliciently to meet 


the demand for those metals. Moreover the occurrence of ores does not prove at 
all that the natives are skilled in metallurgy. T'he inhabitants of Billiton e.g. were 
entirely unacquainted with the art of reducing tin from tin ore, whereas from time 
immemorial they are quite familiar with the more complicated process of working 
iron, and it was only recently that F. Sarasıy declared: “Die Kunst Metalle zu 
bearbeiten, haben die Caledonier trotz des enormen Reichtums des Landes an 
solchen, speziell von Eisen, nie gekannt und auch heute noch nicht gelernt” 


(Neu-Caledonien. Basel 1917, p. 83). 
27 


Proceedings Royal Acad. Amsterdam, Vol. XXI, 
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It-is remarkable that in Flores the same legend about their origin 
prevails as regarding tin, viz. that they have been formed in the 
soil itself in eonsequence of the burning of alang-alang; they are 
accordingly called “muti tanah”, that is: earth-beads. About their 
origin we are still as much in the dark as about that of the glass 
objeets found in the South-Sea islands. Beside a marked concordance 
in their taste for beads the islanders of the East-Indian Archipelago 
evinee none the less a vast difference respecting the other favourite 
objects for capitalization. While “moko-moko”, peculiar kettledrums 
made of brass, are in vogue in the Alor-islands, elephants’ tusks 
are generally in favour in the Solor-islands coming next to them in 
a western direction. In West-Flores there prevails a faney for tin- 
ornaments, while the inhabitants of Rotti prefer chains made of 
gold-wire. 

The reasonings of C. J. van ScHELLE and of Prof. VsrMars would 
lead us to conclude that there are coppermines in the Alor-islands, 
herds of elephants in the Solor-islands and gold-diggings in Rotti. 
lt would be throwing words away to say more about it, but we 
wish to say a few words more about the tin objeets of Flores. < 

Prof. Vrrmars might adduce the argument that there is not 
a single record extant to support the assertion that tin or tin objects 
were imported into Flores. But the same argument could apply_to 
the elephants’ tusks of the Solor-islands. In the second half of the 
previous century cast moko-mokos were introduced into Java from 
Grissee, but the natives soon found out that they were imitations. 
In Rotti, where not a single grain of gold has ever been found, an 
old branch of industry has revived in consequence of the sale of 
horses to Australia, which brought a large number of sovereigus to 
the island, which were wrought into gold chains'). 

To support his argumentation Prof. Vermars has added to his 
memoir not only a number of fine illustrations, but also numerous 
analyses of the metallic objects found in the island. I hope they will 
prove most interesting for the ethnography of Flores, but they are 
not relevant to the origin of the metals. 

I can imagine the possibility of establishing through analysis that 
a table spoon has been procured by such and such a firm, but 
hundreds of analyses cannot enable us to establish the source of the 
silver used to make the spoon. 


) The Rottinese are very superior in civilization to the people in Alor and 
Flores, who possess but little skill in working metals. J P. Freyss says about them: 
“the art of forging is very little advanced among the inhabitants of West-Flores,' 
(Reizen naar Mangarai.... Tijdschr. Ind. T. L. en Vk. 9. Batavia 1860, p. 511). 
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It strikes us that in former times neither export nor import of 
tin objects was ever thought of'). In the long run such a trading 
possibility could not have escaped European enterprise, no more 
than the trade in “Billiton-axes” and “Tambuku swords”. It altracts 
our attention, however, that the tin objects in this poor island are 
found in the southwestern part in the possession of the natives, 
This might be due to the presence of tin-ore in that part; 
however tlıe conelusion might also be drawn that the population 
disposes of more truck and consequently obtains possession of such 
objeets as their countrymen in other parts must do without. 

According to GoDINHO DE Erkpıa “einnamon’”' ’) was exported from 
these parts already in the time of the Portuguese settlement ?) and 
the fort in Nusa Endeh was certainly not built only for the purpose 
of protecting the Dominicans. That also this prodnuet attracted the 
notice of the Hast-Indian Company is borne out by the report of 
P. A. Leupz on the diseussions at Batavia in 1757, which says: 
“They had still to contrive a means to get possession of the einna- 
mon-wood Rokko in Endeh °)”, and aceording to J. C. M. RankmacHER 
it was in the year 1756 that “the Company permitted the natives 
of Makassar to trade on Endeh and the Mangary provided no wild 
cinnamon was exported, on the penalty of confiscation of ships 
and cargo” °). 

Nearly sixty years ago J. P. Freyss still wrote: The gathering of 
wax and cinnamon constitutes the chief commercial resource). 
The natural result of this trade was a comparatively higher degree 
of prosperity than was enjoyed by their countrymen, whose income, 
derived from woodproducts, was smaller and who therefore had 


1) As I mentioned before only in 1871 J. A. van ver Cats made mention of 
the export of tin arm- and leg-rings from the Rokka distriet. (Tijdschr. v. Nijverheid 
en Landbouw in Nederl.-Indi& 16. Batavia 1871, pp. 158—159). 

3) No doubt Cassia was meant. (J. G. F. Rıepen The island of Flores or Pulau 
Bunga. Revue colon. internat. 1. Amsterdam 1886, p 66). 

3) Antonio Lourengo CaminHA, Ordonacöes da India do Senhor Rei D. Manoel 
de eterna memoria. Informagäo verdadeira da Aurea Ühersoneso feita pelo.... 
MaAnoEL GopInHo DE Erepıa. Lisboa 1807, p. 143 (written in 1599). 

4) Besognes der Hooge Regeering te Batavia gehouden over de commissie van 
Paravacini naar Timor in 1756. Bijdr. t. de T., L. en Vk. (4) 1. ’s Gravenhage 
#877,2p: 419. 

5) Korte beschrijving van het eiland Celebes en de eilanden Floris, Sumbawa, 
_ Lombok en Baly. Verhandel. van het Batav. Genootsch. van K. en W. 4. Batavia 
1786, p. 252. 

6) Reizen naar Mangarai en Lombok in 1854—1856. Tijdschr. Ind T., L. en 
Vk. 9. Batavia 1860, p. 512, 

Ei 7x 
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to be eontent with bartering their articles for necessaries of life, 
whereas the Rokkanese could also acquire artieles ofluxury. What, 
however, were the events that stopped the import of muti tanahı 
and the objeets made of tin, will long remain a puzzle, perhaps 
for ever. 

Prof. Vermars has prefixed to his memoir the following quotation 
from ÜRoocKEWIT, as a motto: “I feel justified in econeluding from 
these inquiries, made in three different ways, that the ore found in 
Billiton does not contain tin oxide”'). The tendeney of this motto 
was to stigmatize my being mistaken with regard to Flores as 
Croockkwit had been with regard to Billiton. As appears from the 
foregoing Prof. Vurmars has not succeeded in demonstrating that 
tin-ore oceurs in Flores; the comparison therefore halts, and was 
at ihe very least premature. He has mistaken the persons also in 
another respect. It was not I, but van SCHELLE who, just as ÜROOCKEWIT, 
started from fauliy premisses; it was not 1 but van SCHELLE whose 
inquiries, just as ÜRoockkwIT's, led to wrong eonclusions. No wonder 
that both failed. 


') Extract from the report of a journey through the island of Billiton. (Natk. 
Tijdschr. Ned.-Ind. 3. Batavia 1852, p. 401. 


Ph l —_ “ 
ur On the Sign of the Electrical Phenomenon and 
the Influence of Lyotrope. series observed in this phenomenon”. 
By Prof. H. ZwaARDEMAKER and Dr. H. Zewnvisen 


(Communicated in the meeting of June 29, 1918). 


I. In a previous publication ') we have established that the 
nebulae of salicylie acid salts generated by spraying, owe their 
electrifying power to the contained anion. 


Fig. 1. Influence of 0.1 n. NaCl and 6 %/, cauesugar on the charge 
of salicylas natricus. 
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1. Curve of the Charge of salieylas natricus alone. 
9, Curve of ihe Charge, of salicylas natrieus + salt- 
3, Curve of the Charge of salicylas natrieus + sugar. 
Along Ihe top-abseissa the normal concentrations, along Ihe bottom absecissa 
the logarithms of the normal concentrations of salicylas Na. are given; 
along the ordinate the deflections of the electroscope in scale-divisions. 


1) These Proceedings Vol. XX, p- 1272, 1918. 
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As set forth loco eitato, the attending calion lessens the negative 
charge of the nebula of this acid. Consequently salieylie acid and 
salieylates, in weak concentrations, determine the electrifying power 
of the nebula in quite Ihe same way and with a negative sign, 
only with quantitative differences in such a sense that the salt 
produces a lower charge ıhan the acid, and can be Sprayed in - 
higher concentrations on account of greater solubility in water. This 
also holds good for other salieylates that are soluble in water. 

The negative charge of salicylas natrieus lessens with the increase 
of the concentration, so that it gradually approaches the zero-line, 
and ultimately crosses it. The charge, then, is positive. For a long 
time there is no charge at all, as is well seen in Fig. 1, which 


Fig. 2. Negative and Positive phase of the Charge of salicylie acid and 
the influence of 0.0025 n. NaCl and of 6°/, sugar on the charge. 
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1. Curve of the Charge of Salicylic acid alone. 
2. Id. of salicylie acid + salt. 
3. Id. of 2 #. + sugar. 
Division of abseissa and ordinate as in Fig. 1. 
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also shows the positive part of the charge of salieylas natrieus, and 
gives the logarithms of the strengtls of the solutions along the 
abscissa. 

Addition of sodium-chloride to these strong solutions of salieylas 
 natricus had no more influence upon these positive charges than an 
addition of sugar had. On the other hand, under the influence of 
the same substances, changes were brought about in the negative 
charge of weaker solutions, as the figure illustrates. 

The charge of the salieylie acid itself also first increases with the 
rise of the concentration, afterwards it decveases (Fig. 2), to rise 
above the zero-line a little before the point of saturation. The effect 
of salt and sugar upon the charge is very slight at this moment, 
just as it is with salieylas natrieus; after cerossing the zero-line, 
however, it comes forth again, but in a, positive sense. 

The facts just deseribed or illustrated seem a chaos at first sight. 
Some order is diseovered, when we refleet that in dilute solutions, 
which are the only solutions we have to deal with in spraying, 
cations and anions act separately. The effects of cations and anions 
are superposed. In spraying salieylie acid and caproic acid (fig. 2 
and 3) only the anion is of importance. In spraying salicylas natricus 
there is an action of salieylie acid and sodium; in the combined 
spraying with salts and sugar there is a combination of effeets of 
all cations and anions present. 

It is not possible as yet to account for these phenomena; they 
belong, indeed, to the field of physies proper. Provisionally we are 
able to state only that strong solutions of salieylas natrieus yield, 
on spraying, dense nebulae, forming large droplets; the latter are 
so large that sodium-chloride and sugar particles do not apparently 
affeet them. When the salieylas natrieus solution is diluted the charge 
is affeeted first by the sodium-chloride and only much later by 
the sugar. 

It is not elear wlıy with sodium-chloride this influence revoals 
itself first in a negative sense, and, with a weaker salicylas natrieus 
solution in a positive sense, while with sugar that influence man- 
ifests itself later and only in a negative sense. This negative sodium- 
cbloride phase is altogether lacking with salieylie acid, while the 
charge-curves of this acid with and without sugar run together for 
some time in the neighbourhood of the zero-line (as was the case 
with salicylas natricus) and after this yield a positive sugar-elfect. 

Considering these results, it was interesting to ascertain whether 
there ‚are also other substances presenting charges of opposite signs 
in different eoncentrations. We fixed upon the acids of the fatty 
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acid series, that are soluble in water. The alcohols of fatty acids 
behave in a remarkably uniform way '). With all of them the charge 
of the solutions, if there is any, is positive. With ethyl- and propyl- 
alcohol it begins in stronger concentrations than with butyl- and 
amyl-alcohol ?), as was established before in the physiological labo- 
ratory when studyıng ‚the charges of homologous series; all these 
charges are raised by sodium-chloride, the more so as the concen- 
tration of NaCl was taken higher. 

The fatty acids present quite a different eleetriecal phenomenon. 
Leaving formie acid, which gives only a very low charge, out of 
eonsideration, we find that acetie acid always gives a positive charge 
in all the concentrations in which it gives any charge at all. Pro- 
pionie acid, butyrie acid, valerianie acid, caproic acid on the con- 
trary have a negative sign in those weaker concentrations, in which 
they produce a charge, as will be seen in fig. 3. 

The lowest negative charge oecurs with eaproic acid ; with valerianie 
acid the curve is less deep, with butyrie acid still less, while with 
propionic acid it is extremely level. The behaviour of the latter 
acid is very strange indeed; its negative bend keeps very close to 
the zero-line and proceeds over a considerable distance, the positive 
line rises suddenly up to a maximum. So the eurve of this acid 
also runs between those of acetice acid and butyrie acid; its positive 
zöne is much steeper than that of butyrie acid °), whereas its nega- 
tive zöne is much less deep than that of butyrie acid and accounts 
for the absence of a negative zöne with acetie acid. All this may 
be seen in Fig. 3, without further description. With none of these 
acids, except with acetie acid, could we find the descending portion 
of the positive line, ‚because their solubility was less than that of 
acetic acid. ; 

Taking them all together these various acids present the whole . 
negative and positive phase, with this restrietion that practically 
part of it comes to nothing; of the positive phase with the higher 
terms of the group on account of too little solubility ; of the negative 
phase with the lower terms for reasons of which we are “entirely 
ignorant. 


Il. In the second place‘) we watched the influence on the charge 


') We must perhaps except methylalcohol on aceount ofa probable complication. 

2) With ethyl- and propylaleohol in 0.01 n.; with butyl-aleohol in 0 002 n.: 
with amyl-alkohol in 0.0005 n. 

®) This is not noticeable on the (logarithmic) curve. 

4) These Proc, Vol. XX, p. 1272. 
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Fig. 3. Phases of negative and. positive charges of terms II—VI of the 
fatty acid series. 
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1. Acetic acid, 2. Propionic acid, 3. Butyrie acid, 4. Valerianic acid, 
5. Caproie acid. 
Division of abseissa and ordinate as in fig. 1. 


of salieylie acıd of alkal-cations added in the form of neutral salts. 
Here it was proved that the inhibitory influence of these cations on 
the charge of salieylic acid was effected according to the Ilyotrope 
series 

Li<Na, K<Rb <Cs < Am. 

We now wished to observe the action of the other cations. The 
action of alkali-earths on the charge of salicylic acid appeared to 
fall short of that of the alkalis. This could be established in two 
concentrations of salieylie acid. 

Magnesium marks a transition to some extent, since in weaker 
concentrations it impedes the charge more than Li, Na, K and Rb, 
and is second only to caesium, while this inhibition in a higher 
concentration of the cation does not increase so rapidly as with 
rubidium, and far less quickly than with the other alkali-metals, 
so that the inhibitory effect of tbe latter often exceeds') that of 
Magnesium. 


1) With 0.005 n. salt. 


422 


If we take a weak') coneentration of salieylie acid, the inhibitory 
influence of alkali-earths far exceeds that of sodium, and, if we 
except magnesium, which is now farther removed from the alkalis 
than caleinm, strontium and barium, they form together th6 Iyotrope 
series more distinetly than in a higher salieylie acid concentration ?), 
so that the series Ca, Sr < Ba is more distinet. Chlorides of zine, 
cadmium and lead, all bivalent in this combination, form a progressive 
series Zu <Od< Pb. Still stronger is the inhibition of bismuth and 
aluminium-compounds, both trivalent. 

The study of the influence of the chlorides of alkali-earths becomes, 
however, somewhat complicated, because, in a certain concentration, 
these salts are of themselves able to impart a very weak charge to 
the nebula. 

Still more than by the cation, the action of neutral salts on the 
electrifying power of salieylie acid is determined by the nature of 
the anion. This influence has been observed in a series of potassium 
salts (Table 2). In case no potassinm salt was at our disposal, as 
with tartarie acid, we took sodium-ehloride and its action was ecom- 
pared with that of NaCl, acetas Na and KNa tartrate and interpolated 
in the potassium-series. In this way a distinet Iyotrope series is 
obtained: ONS, NO, < Id, Cl, Br < C,H,0, < Tartr. < Phosph. < 
Citr. <Sulph. 

The univalent acids of this series present inter se smaller differences 
than the bivalent tartrates, the neutral phosphates, the eitrates, and 
the sulphates. Still we can observe in eoncentrations of 0,001 n, 
0,002 n, and 0,005 n more marked differences between the univalent 
anions themselves. Sulphohydrocyanie acid causes the least inhibition 
of the charge of salieylic acid; sulphate and eitrate act most strongly ; 
the differences between these two extremes are great. 

In spraying solutions of salieylic acid, - containing neutral salts, 
the anion is the prineipal agent in inhibiting the charge of this 
acid, so that the Iyotrope series are much more pronounced for 
the anion than for the cation; in those of the eations the terms of 
every group of metals are distinguishable, but there is no regular 
succession of those groups. In order to estimate the nature of these 
differences, obtained with a negative sign, we ascertained whether 
acids, giving a positive sign, such as acetie acid, behave in a similar 
way. The charge of acetic acid was increased by the addition of 
neutral salts, so that here, not the factor of inhibition, as was the 
case with the negative phase of salicylie acid, but that of the inerease 


!) At 0.0005 n. 
2) 0.001 n. 


For the 


% 
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We now tried to find ‘out if the Iyotrope 


ncrease of charge of acet 


eations (Fig. 3) we chose Na,K, Am, Mg, Ca and Ba, because for 


had to be determined!) 
series also held for the i 
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1) Not all substances giving a positive charge, give a stronger charge under the 
influence of neutral salts, as has already been established by Backmann from Upsala 
(for some time at Utrecht) (Ueber die Verstäubungselektrizität der Riechstoffe, 
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the influence of the anion was reduced to a minimum; still, besides 


used as a sodium-salt for 


was 


salt 


common 


these acetates also 
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‚ 361). True, this was the case with 
‚, with some the charge was decreased 


nay even arrested. This could also be established 


ces. 


most of the solutions examined by Backmann 


Plüger's Archiv 168. 351—71, 1917, p. 360 
under the influence of salts, 


a new by us for some substan 
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A distinet Iyotropia Na <K < Am was established ; ') to a certain 
extent also Mg < Ca <{ Ba? The increase of charge through alkali- 
earths was, in lower concentrations, lower than that of alkalis. It 
was somewhat diffieult to determine the charge because the solutions 
of the acetates of the alkali-earths of themselves impart a weak 
charge to a screen placed in the nebula. Magnesium again oecupied 
the same peculiar place that it took up in the case of salieylie acid, 


TABLE Ill. 


Strengthening influence of Cations on the charge of acetic acid (0.! normal). 


Factor increasing the deflection of the electroscope, when instead of 0.1 n. acetic 

acid being sprayed alone, 0.1 n. acetic acid is sprayed with addition of the acetate 
of the subjoined alkalis and alkali-earths. : 
’ (NaCl as a control). 


Pe _________ Teen nn nn 


Concentration j Acetas | Acetas , Acetas | Acetas | Acetas ı Acetas 
Cation | m | Na x Am. | Mg) | Caı) | Ba‘) 
un nn Be 8 Er RP ERE KEe  FEEEE BREEE. 50 
0.00 | 4.4 5.1 4.35 | 41 | 4.0 4.6 
‘0.005 n. 2) 3:1 3.5 2 3.12 3.4 3.1 
0.0025 n. | 2.0 2.15 12.3 3.15 | 2.12 IF ı2.36 2.35 
0.002 n. 1.8 22 2.7 1.87 1.91 1.95 
0.001 n. 1.55 1.4 1.78 2.2 1.1 70 (1243 1.45 
0.0005 n. 1.35 1.3 .1.35 1.8 1.08 1.29 1.20 
0.00025 n. 1.24 1.1 1.3 
0.0002 n. 1.05 1.05 
0.0001 n. 1.05 


ı) Charge of these acetates: 0.01—0.02 n. charges 0.4—0.7; 0.002 n. charges 
0—0.2 scaledivision. 


Charge of NaCi and of the alkali acet 
the alkali-earths is not greater than that of the alkalis; in wea 


(0.002—0.005 n.) even smaller. 


it was almost equal to sodium, 


than that of potassium and’ ammonium, & 


ate — 0. The increase of the charge of 
k concentrations 


its action was decidediy weaker 
nd it also here constituted 


the transition from alkalis to alkali-earths. The Iyotropia of the 
anions appeared to be more intense and more general than that of 


ı) In another set of experiments with alkali-chlorids the series 


<Cs< Am was obtained. 


Li<Na,K<Rb, 
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the cations (Table 4). It is evident that chloride takes up the lowest 

place in the series of anions, eitrate stands at the top: 

EN 

Cl < CNS, NO, < Br, J<C,H,0, < Tartr. < Phosph. < Sulph. < Citr. 
This series of anions differs only very little from that of salieylie - 

acid. - 
With acetie acid as well as with salieylie acid’ the differences 

between ihe extreme terms of the lyotrope series appear to be larger 

with the anions than with the cations. 


SUM MA R:Y. 


1. Salicylie acıd, if not in a completely saturated solution, gives 
a negative charge, that is weakened by cations and anions in a 
Iyotrope-series, in the direction from Li to Cs and from chloride to 
sulphate. 

I. Acetic acid, when dissolved in water in & suffieient concen- 
tration, gives a positive charge increased by cations and anions, for 
the greater part in a lyotrope-series in the direction from Li to Cs 
and from Chloride to Sulphate. 

3. Acetic acid weakens, resp. arrests, the negative charge of 
salicylie acid. In higher eoncentrations with a positive electrical 
phase it prevails, as an acid, over salicylie acid sprayed in weak 
solutions, which gives a negative charge. As appeared already sub. 1, 
acetates also have a weakening effect on the charge of salicylie 
acid, whereas, of themselves — at all events the alkali-acetates (the 
acelates of the other metals give a very slight charge) — they 
produce no charge. 

Mixtures of salicylie acid showed the electrical property of acetie 
acid, so long as the latter acid predominates. If the concentration 
of acetie acid in the salieylie-acid acetic acid mixture decreases {0 
such an extent that such an acetic-acid solution gives of itself hardly 
any charge at all, the charge of the mixture will at one moment 
be —0; in still lower concentrations of acetic-acid the charge 
appears again, this time of a negative sign. There is a moment 
when the favourable action of Ihe cations on the acetie acid is 
arrested by the inhibitory effeet of these cations on the salieylie 


acid. 


Mathematics. — “Observations on the development of a function 
in a series of factorials”. I. By Dr. H. B. A. BockwinkeL. 
(Communicated by Prof. H. A. LorENTz). 


(Communicated in the meeting of June 29, 1918). 


1. In his book “Theorie der Gammafunktion” N. NIELSEN gives. 
the necessary and suffieient conditions for the development of a 
function in a series of factorials. According to him the following 
proposition holds: 

The necessary and suffieient eondition that a funetion 2x) may 
be developed in a series of factorials, is that 2(x) may be represented 
as a definite integral of the form 


1 
= Is UA . 2.2.2... 
J 


where «(f) is a function with the following properties: 

l. gl) is regular within a eirele, centre the origin and with a 
radius no smaller than unity, so that it may be expanded in a 
power-series: 

IH) —a Far Fan rar .."@2) 

2. If 4@Xt) is the first of the derivatives of ft) which is infinite 
for t=1, then there is a real number such that 

lim ER) Ay) 2 2.2... 
1 


\) By this notation we mean that lim d—HITrr Pr) (Od) = 0 or, according 
1 j 

as d>O or d<O. We may express this by saying that «(w(t) is, for = 1, 

equivalent to (1-1) +), Since »(»)(1) is-supposed infinite, we have A+pSO0. 

Further it follows from a well-known proposition (Dıxı, Grundlagen für eine Theorie 

der Funktionen einer reellen Grösse, p. 104) that, if »() is itself finite for t=1, 


ie. f 951, we must have A+p<1. For, if we had A+»> 1, then PN) 


would, according to that proposition, also be infinite, being equivalent to 
d—e12=D, which is conirary to the hypothesis that 'p)($) should be the first 
of the derivatives infinite for =1. We have therefore 

OSATRZL UNE BSIS Ve 
from which it follows that A is never positive in this case. If, on the other hand, 
e(t) is itself infinite for t— Lelras, according to (3), equivalent to (I—N)TA, and 
then A is not negative. 
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3. There exists a real number 2’ with the property that, corre- 
sponding to any assigned number &, however small, an integer N 
may be.chosen, such that we have, uniformly in an interval OZt<4 
which, for the rest, we may think as small as we please 

€ 
LE) (I - tete | Ss 


Deta+l) > 


en ZN. 22.2. MR) 


|- 


according as Ra) >4’ or R(x) < ’. (R(x) means the real part of). 
, The series of factorials corresponding to an integral of the form 
(1) is 


a, ge a, 4 2/ a, ji n! a, 
” 2(2+-1) 2(2 +1) («+-2) : x(® +1)... (@+n) 2.10) 
where a,,@,,... are the coeffiecients of the power-series (2). 


This series converges, according to NIELSEN, for the values of « 
satisfying the two conditions 


Ba a a la) en HT) 
and if at least one of the two characteristies 2 and 2’ is not negative, 
the series (6) will represent the integral (1) for the values of & 
mentioned '). 

From the first of the inequalities (5), applied for = 0, and from 
the consideration that 


_ 90) 


I 


a ER) 


n! 


it may at once be derived that the series (6) converges absolutely 
for Ra) < 3’ +1. In connection with. (7) NıeLsenx. therefore infers 
that the number 2 is at most equal to A’ +1. 
The thing to be remarked in the statement of Nırnsun is however 
1) If A and #’ are both negative, so that g(£f) is finite for 2=1, the integral (1) 
has in general only a meaning for R(x) > 0, and the development in question is 
valuable for these values of & only. But then we may consider the iritegral 


21 
(PX) (1-- tr —1 dt 
sa=|! uRthe) ee) 
0) 


&(&+1)...(@+p-1) 


which has a meaning for R(x)>A.:To this integral a certain remainder of the 
series (6), viz. 


ER +1)! 
pP q, Te (pr+ ) ap+1 M Ar TR { ö (8') 
z(<&+1)...(@e+p) s(@w+1)...(e+p +) 
eorresponds and the integral would then be equal to this remainder for the values 


of x determined by (7). 
28 
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that, if A<2’ +1, there is a certain domain on the left of 
R(&) = 4 +1, where the series (6) converges condıtionally. If 
VE eN 
this convergence takes place in a strip of the plane determined by 
1< RKa)<i +1 
and if 
BER 
in one determined by 
"<< Ra) +1. 

This is remarkable, because PıncHEaue '), who has also published 
some notes on series of factorials, does not mention the case of 
conditional eonvergence. And in order to state at once our point of 
view, we declare not to understand the reasoning of Nırısen from 
which the conditional convergence within the domain mentioned 
would follow; it is even our opinion, as we are going to explain 
directly, that from his investigations only the validity of his statement 
follows for the values of « satisfying both the conditions Aa) > 2’ +1 
and Ra) >4-+ 1. The example given by Nırısen of the develop- 
ment of an integral such as (1) in a conditionallj ceonverging series 
is exact, and it is not diffieult, as it will be seen, to add others to 
it. But in refleeting on the subject we have finished to doubt of the 
general validity of the special theorem of Niersen. In any case, for 
the strong proof of it investigations of a farther reaching extent 
would, in our opinion, be necessary. 


2. The mode in which Nırtsen arrives at the development (6) 
consists in integrating by parts the integral (1): this gives immediately 
1 


a, 


(n— 1)! a,_ı 
x(c+1) a (© -+1)..(@e+n—1) 


Jo A (a1 dt — - FH + R„(10) 


f) 
where 


1 

"gr ya 

Ru te) | eh 
0 


From the condition 2° NıkLsen derives that the first of the ine- 
qualities of (5) will be valid for an interval ITITRU RT 
Here the quantity d may be conceived arbitrarily small; it must of 
course be understood that the choice of the integral number N is 
influenceed by it, and that N will increase indefinitely with 1/0. 


') Rendie. d. R. Acc. d. Lincei (1903, 2e Sem.). ö 
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For this reason Nırısen has to add the new condition under 3° 
expressing that the inequality (5) is also valid for an interval 
0<t<d for values of» Iying in the half-plane on the right of 
ka) =3'. Then it follows from the reasoning just mentioned, in 
connection with the condition 3° that the remainder given by (11) 
certainly approaches to_zero for n—= ®, if we have at the same time 

Be andere) > A H1 .., (12) 
"For we may write 

1 


LE Loy BA ee änden? 
j P(@—1+n+1) 
0 


and since A(@—1) is both greater than A’ and greater than A, the 
funetion under the sign of integration uniformly approaches to zero 
in the interval O<ı<1, as n becomes indefinitely large. But nothing 
more can, in our opinion, be derived from the reasoning of NIELsEN.. 
It is remarkable that in his book the author gives the equality (10) in 
an erroneous form, in such a manner that under the sign of integration 
“a derivative of it) occurs of an order too high by one unity; and 
it might therefore be supposed that this eireumstance has led NıELsEN 
to his erroneous eonelusion. But in a-memoir published by him in 
Annal. de l’Ecole Normale (1902) the formula (10) occurs in a right 
manner, and still NieLsen draws his conelusion without any further 
explanation. It would have been of interest, if the author had 
explained a little more amply how he arrived at it. It seems not 
impossible that the example given by him, and perhaps others, have 
led him to the erroneous opinion that his theorem should have 
been proved by the reasoning he has given. 


h) 


3. Nevertheless this theorem might be right and then, of course, 
there is every reason to introduce the characteristie number A together 
with 2’. But still it seems not unuseful to show that we may develop 
the integral (1) in an absolutely converging series of factorials under 
the only conditions 1° and 3°, and then for Aw) >’ +1. We 
shall even restriet the latter condition a little: not assume that the 
inequality oceurring in it is satisfied for a certain small interval 
(0,6) of £, but only for the endpoint {=0. Since the values of the 
different derivatives of %(t) in t=0 depend on the coefficients of 
the power-series of that function by means of the formula 


ee 28) 


Be 
n! 


this’ supposition amounts to the following as to those cvefficients 


themselves: 
28% 


2 
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34°. The eoeffiecients a, of the power-series for p(f) satisfy the 
condition : 
Ay 0 for ‘> 0 


lim er 14 
Hast nt o for 0 0 ( ) 

which we shall denote shortly by writing 
Yan a N Br A 


n= 
and by saying that the upper limit of a, for n=» is eqwivalent 
to n”. We write intentionally the sign of upper limit, because this 
will do for our purpose; it is not necessary to suppose tbat the 
coefficients a, have a “croissance reguliere”. 

From the only supposition 3a’ it may already be derived that 
the part of the earlier condition 3° corresponding to the first of 
the inequalities (5) is uniformly satisfied in the whole interval (0,1) 


‘of the variable £, provided we add a factor (1—1). To prove tbis 


we compare, for large values of n; the n‘*derivative of p(?) 


l’(n+2 ort 
A) —=T (ln +1)ay + ne Fk ar Be +..(15) 
s} 


with the n!% derivative of the function 


T (@+d+1) 


O= gen 
that is 
a T@+tstn+) _ 
Fo) = ee nee 
na T@+dn+2 T (+4 1 
NER rer: nn N EEE —. +9 1.6) | 


Here d is a certain positive number. However small we may 
choose this, there is always, on account of our eondition 3a® corre- 
sponding to any arbitrarily small number e an integer N such that 


for all values of sS 0 
Li koöin si 
lants | <E 
I (n+s+1) 
Thus we have uniformly in the interval O<t<1 
(d—rt+tHHgG N) f 2 

To+ssnı) zn an SM 

here @(t) means the natural majorant of U) determined by 


Pi la . ja,| Gere Ian | re 
The same inequality a fortiori holds for y(t) itself, and since d 
can be taken arbitrarily small, it follows that the integral (11), 
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denoting tlıe rest of the series of factorials in question, has zero as 
a limit for n=o, if Ri" >37”—+1, and thus that for these values 
of = development of the integral (1) in such a series is possible. 
That this series for these values of « converges absolutely, may, as 
we had already occasion to remark, as well immediately be derived 
from 3a®. = 

4. We make the following remarks: 1st. The proposition proved 
Just now may be compared with a result due to Cnsard '), according 
to which it follows from the eondition 3a° that the inequality (17), 
for imt=1, is already valid from and äfter the value n—0. 

2nd, In our result, and in that of Cnsard, is ineluded that the 
number A, introduced by NirLsen, is for the natural majorant of 
p() exactly equal to 2’ +1), whereas for the function itself it is 
in any case not greater; thus we have ; 

ER N Me ee 
if 2 is the number in Question for (tl). This result, derived by 
NIELsEN from his. theorem, can therefore, if our opinion with regard 
to the inexactness of NıELsENn’s proof is right, no more be regarded 
as deduced by him. h 

3rd, We may also easily prove that inversally every series of 
factorials such as (6), if it converges at all, is equal to an integral 
of the form (1), where  (t) satisfies the conditions under 1° and 3a". 
In fact, if such a series converges for a certain value «+ ıB of «, 
the limit of the terms must be zero for that value. Now we have 
=. n! 1 

el)... (ein) m 
from which it follows that the coefficients a, of the series of 
factorials satisfy the condition 


im u -n, 

NZ © 
where A’ is a certain real number which is at most equal to «, 
but may be equal to — ». If now we form with the coeflicients 
a, a function lt) as in (2), this function has the properties expressed 
in the conditions 1° and 3a°, and, as we proved in the foregoing 
paragraph, the given series of factorials is equal to-the integral 
(1) for R(a)> 2’ +1; at least, if#’ +1>0, for if not, we should say 


l) Acc. d. Scienze fisiche e matematiche di Napoli, 1893. See also BorEL» 


Legons sur les series ä termes positifs. 
3) At least when an has a “croissance reguliere” ; otherwise it may be smaller 


than X+1l, but no smaller than A’. 
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that a certain remainder of the given series is equal to an integral 
of the form (8) in the footnote of p. +29. 

4. If the coeffieients a, in the power-series for r(f) are real, we 
can assign one definite case in which the series eonverges conditionallı 
for R(a) >», viz. if all derivatives of an order higher than some 
definite number have the property of conserving the same sign 
throughout the interval O<t<{1, and this in such a way that always 
two immediately succeeding derivatives are of vpposite signs. This 
result can be deduced from the equality 
n! Ay 
(2 +1)...(«+n) 
where AR, has the meaning given by (11). First let « be equal to 
a real number @. Then AR, and — R,rı have the same sign throughout 
the interval of Z, so that either of them is smaller, in absolute 
value, than the series-term in the right-hand member of (19). If 
therefore the latter has zero for its limit, then also AR,, and this is 


By er Rr+1 — (1 9) 


the case for «> 3’, since im a, —n’., 
If x is complex =«a-+:ß and @« >73’, we have 


1 

2 < er |z 

nen et +1)...(e+n—]1) 
N) 


a(@+1)...(e+n—1) 
a+iß)...(a+iB+n—1) 


we 


1; 
Were gt) (1—t)e+n—1 
rn 
0 


The latter integral is equal to AR, for 2—=« and therefore, as 
we showed, zero for n=®; the factor by which this integral has 
!o be multiplied evidently has a modulus smaller than unity ; thus 
R,„ approaches to zero,as n increases indefinitely. 

As an illustration we take the example of NırLskn 


1 
(1 —:ı)—1 
ala) = —— dt, 
1 


1 
een Mae Are 
This funetion (t) satisfies the special condition mentioned in the 
present remark, and on account of this eireumstance we may deduce 
the possibility of developing the function a(x) into a series of factorials 
for Ra) > 7’, this series econverging but conditionally if Ra) <r’ +1. 
Other examples to illustrate his theorem, especially such that do not 


where 
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satisfy the special condition mentioned‘ here, are not given by 
Nıetsen, but may easily be imagined. 

5. Finally we want to make a remark on another manner to 
derive the development (6) from the series (2); a'way which has 
been followed both by Pıncnerte and by Niensun. We may write 


YE-PAI—a ld + al H... + ml L..., 
and thus . 


ai 1 
fo (1—t)7 1 dt = (fc +... + RN) 4.0] 
0 0 


If this series is integrated term by term between the limits O and 1, 
we obtain the series of factorials required. In case the latter con- 
verges, NıELSEN (p. 239, Handbuch) derives from it that this series 
is equal to the integral in the left-hand member of the preceding 
equation; his reasoning is based upon a certain proposition of Dıinı 
(Grundlagen, p. 523). If this reasoning were right, then, besides the 
special case treated of above, we should have a more general one, 
in which the integral (1) may be developed into a conditionally con- 
verging series of factorials: viz. always when the series of factorials 
to be derived from that integral, wbether by means of integration 
by parts or in the manner described Just now, is a converging one. 

But, in our opinion, the proposition of Dinı in question has been 
applied in a wrong manner by Nırssen. The fact is that, in applying 
that proposition, we should first integrate the funetion in question 
over the interval O<t<u, where u<{1. Now it is at Once to be seen 
that in such an interval we may integrate the above series term by 
term (on account of its uniform convergence in that interval); in 
other words we shall have 


f pl) (1°! dt = 
0 
a, fe dt ta, ‚fu Re rat .. (20) 
0 0 0 


this equation being valid, however little w differs from unity. The 
left--hand member of this equation is by definition equal to the 
integral (1). But the right-hand member is only then equal to the 
series of limit-integrals, if this member, considered as a function of 
wu, is continuous on the left in the point v=1. This condition is 
explieitly added by Dim, but seems to have been forgotten by 
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Nıersen. There is not any simple indication that it would always 
be ‚satisfied. Only in the case of absolute convergence of the series 
of integrals for w=1, i.e. when A(a) >4’ +1, this is realized, 
because the series (20) then converges at the same time uniformly 
in the closed interval O<u<1, and therefore represents, according 
to a well-known proposition, a continuous function of u in that 
interval '). 


ı) The reasoning of PIncHERLE, who, as already remarked, treats of absolute 
convergence only, seems to be incorrect to us. It is based upon his writing for 
the separate integrals of the series (20), if we replace by 1—z, 

1—: i 


h (d-ert)n) 

rl —ı) 1d= z 
z(&+1)...(e+n) 

0 


which is wrong. If this could be done, the limit of the series (20) would indeed 
be equal to the series of the individual limits of its terms, if the latter converged, 
even if ihis convergence took place only conditionally. It seems therefore not 
superfluous that, in the last sentence of the present paragraph, we have 
called attention to the strong way in which the idea of integration ternı by term 
may be used to prove the possibility of developing the integral (1) into an absolutely 
converging series of factorials. 


Physics. — “Le tenseur gravifigue”. By Tu. pw Donper. (Commu- 
nicated by Prof. H. A. Lorentz). 


(Communicated in the meeting of June 30, 1918). 


Dans une note parue dans ce recueil‘), j’ai obtenu un tenseur 
gravifique ,, repondant A toutes les exigences de la relativite generale. 

Au cours de ses recherches sur le champ gravifique, M. Lorentz’) 
a trouve le m&me tenseur gravifique. 

Dans ce travail, nous donnons ewplieitement la valeur du tenseur 
gravifique &,, et nous en deduisons la valeur explieite du tenseur 
bu + T;,; on remarquera que dans celui ci Zous les termes de tb, 
renfermani des derivees secondes des potentiels gravifiques ont disparu. 

Nous montrons ensuite que dans tout champ gravifique et electro- 
magnetique, la force generalisee (2 = 1, 2,3, 4) est nulle. Ce resultat 
est obtenu aussi au. moyen de l’identite de HıLsert; les /% sont 
encore nuls dans tout champ gravifigue renfermant de la matiere; 
ce resultat est independant du tenseur gravifique choisi. 

Dans le chapitre suivant, nous &tudions divers tenseurs gravifiques, 
et nous indiquons une correction & effectuer sur le tenseur gravifique 
d’ Einstein ®). 

Etant donnee l’importance du champ gravifigue d’Einstein-— 
SCHWARZSCHILD, nous avons cru utile de calculer le &, relatif & ce 
champ. 

Nous montrons ensuite que Xi, est independant des derivees 

n 


secondes des potentiels gravifiques. 

Enfin, il resulte de la eovariance de Z,,, que celui-ei est cogredient 
au tenseur electromagneötique T7;, pour tout changement lineaire des 
variables 7,, %,, Zy, 2. 


I. Valeur explicite du, tenseur gravifique bu. 
Rappelons tout d’abord la valeur de ce tenseur gravifique: 


ı) Tu. De Donper. Verslag Koninkl. Akad. v. Wetenschappen. Amsterdam. 
Deel XXV. 27 Mei 1916. 
2) H. A. Lorentz. Verslag Koninkl. Akad. v. Wetenschappen. Amsterdam. Deel 


XXV. 24 Juni 1916. 
3) A. Einstein. Sitzungsberichte Akad. d. Wissenschaften. Berlin. 26 Oktober 1916 


438 


dl-+8,; 
SS dl 15 ar dgab,pi Re & 
t == Eu ——m_ 7 3a PEA 
3a ; Eh Agab,n 2 % di; 5 (1) 
di 
32 1 Eryaraer Jab,di 
dgab,ui 
ou 
l=kC(—g)!h 
(=48r 2823 =. dr Im) ; 
37 (Mu, 


C est l’invariant de courbure totale de RıEmann relatif & la for me 
quadratique differentielle: 


2'244, diider. re (2) 
i »%E 
On a aussi pose: 
dgab . dU’gab 
Jab;e. — de, ‚ Jab HT ce 


D’autre part, on a: &, = IH SOME >) indique une som- 


ab 
mation etendue aux 10 combinaisons avec repetition des nombres 
1, 2, 3, 4 pris 2 & 2. 


En derivant / par rapport aux g.,, et en permutant les indices, 
on obtient le resultat suivant: 


n = k(—g)'h (' Eab >53 >> | Ü | ! + gla (g* gih e. g'» gha)) . 
Jab,n. 2 h l 4 a { 
Ku: ge“ (ge gih EB gia gb) 


En derivant de m&me / par LapPan AUX GJad,ni et en reduisant les 
termes semblables, on obtient: 


= kg)! (\ = el 7) rn Ne), 
Substituons ces expressions dans (1), et utilisons la formule: 


U gh 
27 


Agab.ui 


= (g)h 2 = Mh ker =—tl ga = = Iapg®PH, 


Apres quelques Be has en permutant er indices, on 
a enfin: 


k 

EMS SEE [Bgehigeb_gebshghe tg; „geagebghi ums] 
a ı & 

| 8) 


k 3 ' 
(N EI [geigeb— gangbi] gay 
0b 
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Cette expression de {,, se simplifie encore en vertu de l’equation 
complementaire = 0. 
I. Valeur ewplieite du tenseur b, + T;,. 


Rappelons la valeur du tenseur eleciromagnetique'): 


m „AL 
= Elte)@hl. (4) 
Mais en vertu de ?identitd‘): 
(+2) = kg): rn ghl(ih, 12) — k—g)'h Cgx . 
l’expression (4) peut s’ecrire: 
BRD) 


Tu= — 8.1 + kg) BEI grig! (ih, 2). 
RR 


Rappelons aussi que la parenthese a 4 indices de ÜHRISTOFFEL a 


la valeur suivante: 
f Er hr Ti 

(ih, 2) = Y(go,nı— gm, Gil + 9a) + 229° (\ | -! || ): 
x 8 u ß a ß 


Retournons maintenant a la valeur de Z,, et utilisons la formule: 
geb,h — — EN ger,h g°® geb er wre (6) 


- ‘“T . 
Rapprochons la valeur de i,, ainsi obtenue (3,6), et la valeur de 
1. (5): tous les termes de b;, renfermant des derivees secondes des 


potentiels gravifiques se retrouvent, changes de siqne, dans le tenseur 


electromagnetique T;,. 
Apres quelques reduetions provenant de permutations d’indices, 


on trouve enfin: 
gi,nlg* gr! — gg] | 


+3 28g3,90. | 2P% gt gr g®) 
[14 


bu + Ti Ik gr ZEL ß (7) 
Mal + ag (gih geR — gehge!) | 


= Zgrh (ge! gPi — grigßl) 


III. La force generalisee F, est nulle. 


La force generalisee A, @—=1, 2, 3, 4) satisfait aux relations 


suivantes ?): 

Ubu+ Tu) 
— af, = 2-—— . . 0... 8 
9 & day 2) 
ze l,2, 0, 


= Tu. De Donpsr. Archives du Musee Teyler. Ser..2. T. Ill. 1917 (voir spec 


pages 94 et 99). | 
2), Tu. De Donner. Voir ma note citee ei-dessus; equaltions (10). 


Voir aussi mon memoire, Archives Teyler, Haarlem 1917; equations (347). 


440 


Substituons dans (8) les valeurs trouvees (7) pour le tenseur 
bu + T;.. Apres derivation et permutations d’indices, on voit que 
tous les termes se detruisent deux a deux; on aura done: 

P=0r. en HP 

Ce resultat est independant de Vexpression choisie pour le tenseur 
gravifigue bu. C'est ce que nous allons demontrer au moyen de 
lidentite de Hınserr '), qui peut s’eerire avec nos notations: 

ER +e,) gm (Wu — EN = 


MV » y 


(Ute. : (10) 


, 
En vertu du prineipe generalise de Hamıtron, les &equations diffe- 


rentielles gravifiques sont’): 


VZO 


ou 
dL 
- — —_ N] RN ee, 
em. | a) 
Or, on a°): \ 
dL € 
NRF N ET Pr 2 
V ee 1) FInk I AER EE B (12) 


d’oü, en vertu de (11): 
en 
Vv ( 2) 29 we a ee 
et inversement: 
To = ZilJ2.)ge TR, WU ee 
P P 


En vertu de (11), le premier membre de l’identit& de Hınseer (10) 


peut s’ecrire: 
dL 
de; Mm 


D’autre part, en vertu de (14), le second membre de cette iden- 
tite (10) peut s’&erire: 


On a done: 


) D. Hızserr. Nachrichten Königl. Gesellsch. d. Wiss. Göttingen. Math. phys. 
Klasse, Heft 3. 1915. (Berlin 1916). 

*) Tu. Ds Doxper. Archives Teyler, Haarlem 1917. (Voir &quation 339). 

?) Voir &quation (353) de mon memoire, Archives Teyler. 


er () ar ln | 
ds M y da, 
Or, en vertu de (346) °): 


BL 
-YIFR.+K=2 
»„ de, 
d’oü r 


0==1.2, 04 
Remarquons que tout ce qui precede peut &tre generalise imme- 
diatement en remplacant / par une fonction covariante plus generale, 
par exemple: /—10(—g)', ol » est une fonction de @,, 2, 0,845 
on obtiendrait ainsi nos equations generalisees ?) du champ gravifique 
renfermant des masses. 


IV. Autres tenseurs gravifiques. 


Les seize fonetions Z,, dont l’ensemble constitue le tenseur gravi- 
fique ne devant, jusqu’ä present, salisfaire qu’aux quatre equations 
aux derivees partielles °): 
dtya 


z 
„ don 


—=—K),, 


Beet: 2.3.4 


il en resulte qu’il existe une infinite de tenseurs gravifiques diffe- 
rents. Le developpement ulterieur de la theorie de la gravitation 
montrera brubenlegent que le tengeur gravifique doit &tre determine 
d’une maniere univoque par des conditions aux limites et des con- 
ditions initiales. 

En se reportant aux relations (341 & 345) de mon memoire *) 
(Archives. TErLEr), on verra aisement que les seize fonetions suivantes: 


dl ı se DE TEN 
Te er — En ra e@ Ä 


(15) 


gab, » 


TR 


+4 7” (l-+E.) - dg 


ab, 


determinent un tenseur gravifique. 


I) Voir &quation (346) de mon memoire, Archives Teyler. 
2) Voir la derniere page de mon me&moire, Archives Teyler. 
3) Voir equation (344) de mon m&moire, Archives Teyler. 

s), Voir aussi notations (348 aA 352) de ce m&moire. 
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Gräce a la theorie des invariants differentiels, ou par un caleul 
direct, on trouvera que: 


Br — bu + He EREgn, 


a ci 


in (g’a# u 29°: + g7%%) 16 
we er dei. a 
On remarquera que ces deux tenseurs gravifigues renferment les 


me&mes deriyees secondes des potentiels gravifigues. On aura en outre: 


y ee) 0, 


R dir, 


En vertu de nos &quations (8) et (9), on pourra introduire le 
tenseur gravifigue —T;,; M. Lorentz!) a rencontre ce tenseur 
gravifique au cours de ses recherches. Quand on adopte le tenseur 
gravifique de M. Lorkntz, le tenseur t,, + T;, est identiquement nul. 

Plus recemment, M. Einstein’) a trouv& un tenseur gıavifique qui 
ne renferme aucune derivee seconde des potentiels gravifiques. Nous 
allons indiquer une methode nouvelle pour obtenir ce tenseur 
gravifique (corrige). 

Linvariant de courbure totale de Rızmann peut s’eerire: 


C=}EZZL(aß, or) gerger 
[44 


BR 
d a6] d aß | 
6 
x Bt)\ao \or | 
o\lr lo\llr 
II en resulte que /=kC(—-g)%k peut s’6erire: 
d | 26 d aß { 
ihr ee Re I et u 
3 zzr2 | (( 9 Wu ) el a o\? Ir: ur 


ol nous avons pose: °) 


80 a Ba \ep] d w 
R an, Aa etc ?] 
ee 
(rt 


On verifiera, par un caleul direct, que le layrangien $ d’une 


F=IRLNEN 
«Ber “6 ir (18) 


+ re | 3 


— (Nager 
{0} 


!) H. A. Lorentz. Voir la derniere page du memoire cite. (Verslag Amsterdam 1916). 
°) A. Einstein. Sitzungsberichte Akad. der Wissenschaften Berlin (Seance du 
26 octobre 1916). 


°) Les termes qui figurent dans la premiere ligne du second membre de (18) 
. ont et omis par M. Einstein. 
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Be) . \ b . r 
derivee partielle par rapporl & une des variables w,, x, 2, x, d’une 


Fonetion quelconque de ces varinbles et des potentiels est 
identigquement nul. 


Par consequent (17, 18): 


nab Neb x | 
E stsiely aan oLI): 
Posons maintenant.!): 
wer =e,#— 2 = gab) (20) 
Age 
On aura°): 
dt ’# 
IE INH: es I* cub,A 9 
[2 de, % (% )s (21) 
ou, en vertu de (19): 
dt.xe. : - 
DIN L) gab. RENTTELET NE 
„ den —, ( V )9 . (22) 


ou, A cause de (339) ainsi que de (343, 344) (voir mon me&moire, 
Archives TeyLer): 


AT. K 58 
= de, ns » . . Br . . . . . ( ) 
On aura encore (voir fin du paragraphe Ill): 
UT. +t2e 
Bi a (ED ar inda) 
BP. da, 
On pourrait construire aussi le tenseur gravifique: 
di* 
DZ Eu 1# u 2 Jab,ı . E Fr . . . (25) 
= ab » 


et un calcul simple montrerait EN le 
IV. Champ gravifique d’Eınstsin—-SCHWARZSCHILD. 


On sait que les potentiels gravifigues du champ d’EinsTein-— 
SCHWARZSCHILD?) peuvent s’Ecrire: 


Er ge I (Ra)! 

Pl u 

0 Rt (1?) A 20) 
ur (R-o) 


Mao u ou Al = I, 2, 3, 4, et Zen / 


1) Comme & l’&quation (341) de mon me&moire, Archives Teyler. 

2), Comme ä l’Equation (342) de mon memoire, Archives Teyler. 

3) K. ScHarzscHıLp. Sitzungsberichte Akademie d. Wissenschaften Berlin 
(Seance du 3 fevrier 1916). Voir sp&eialement pages 191 et 194. 
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On a pose: 


R=lia te). en er 

Rappelons enfin que « represente une constante. 

En. substituant les valeurs (26) et (27) dans (3), on .obtient, apres 
denombreuses reductions, le resultat suivant :: Zous les t;, (A,u —=1, 2,3, 4) 
sont nuls, sauf t,, qwi vaut — R”2. 

Les caleuls se trouvent grandement simplifies si l’on remarque que 
g se reduit a —-1 dans le champ considere. 

En derivant ce determinant par rapport A «; et my, on obtient la 
relation: 


2 Ego am in Zar (28) 
ab ab 
Gräce & (28), le tenseur gravifigue (3) pourra 8’&erire: 
= > [geil geb .. I gebi gi] Iaby + ger IE 29 
e ab 


Pour s’assurer si le tenseur ?',, d’Einstein est different du tenseur 
bu, il suffira de caleuler !,,, par exemple, relatif au champ d’Eiästein- 
SCHWARZSCHITD: tous calculs faits, on trouve (25) ue „= #®—kR, 
Or t,, est nul; done, ces deux tenseurs sont differents. 


VI. Valeur expleite de Z t,,. 
N 


En vertu .de (3) et (6), on obtient, en permutant les indiees 2% 


k , 
Zum a NE gang lg g— gi geh) 4 r 


k 
FON 2 ggai Inga (—2g“? guigkh + geägkigah 4 gakggi geh), 
Cette expression se simplifie considerablement si P’on remarque 
que linvariant de courbure ( peut s’eerire: 
CE I gpngi (geh gai —gkigah) + 
4geB gm gie di 3g“P giigah 
F5 Fggnigner | —2g“% geigeh 4 Agak gergil — 2giß gas gkh |, (30) 
+ gik ga geh 
Si l’on se rappelle la signification de ! (voir $ I), on trouvera 
immediatement, gräce & (30), que: 
+ 99% gki geh (31) 
RR an 
') Dans les formules qui suivent, le signe % represente des sommes separdes 
portant respectivement sur les valeurs 1, 2, 3, 4 de tous les indices qui suivent. 


ER: ; 
zuy=3+ = een 
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En vertu de l’&quation complementaire /= 0, on voit (30) que 
Eh est une forme quadratique des derivees premißres seules. 


Vll. Covariance du tenseur gravijique bu. 


Effeetuons un changement quelcongue des variables x,, x,, ,, 2, et 
representons par «’;(—=1,2,3,4) les nouvelles variables. Le tenseur 
gravifigue prendra une nouvelle valeur ?;. (A,u = 1,2, 3, 4) fournie 
par la relation (1) oü tontes les lettres auront ete, au prealable, 
affectees d’un accent. 

Rappelons que '): 

Da wer) 
Hz, ...€,) 

Gräce ä cette relation (32), il sera aise de comparer !’,. & hu;. 
de cette comparaison, il resulte que pour tout changement lindaire 
des variables x,, x,, 2,, 2, on aura: 

Mar ...%,) Or, Oma 


Ik — See 
A d2, Or 


"=1 ER ante (82) 


’ bar; 
autrement dit, ‚pour tout changement lineaire des variables x, ,2,,2,,%,, 
le tenseur gravifique t,, est cogredient au tenseur eleetromagnetique ’)T.. 
Il n’en est plus de m&me pour un changement quelconque de vari- 
ables°’). Un fait analogue se pr&sente pour les forces generalisees ‘) 
F, et K;: la force generalisee gravifique Ä, n’est cogrediente & 1a 
force generalisee &lectromagnetique F, que pour les changements 
lindaires des variables 2,2,2,%0.: . 
Le 30 avril 1918. 


1) Voir equation (364) de mon me&moire, Archives Teyrer. 

2) Voir l’equation (319) de mon me&moire, Archives TeyLer. 

5) M. Lorentz, avait deja fait remarquer que Lin n’est pas cogredient a Ta 
dans le cas d’un changement quelconque de variables (Verslag Amsterdam, 24 
Juni 1916). 

4 Voir les equations (321) et (323) de mon m&moire, Archives TeyLer. 
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Mathematics. — “On the evaluation of &(2n-+1)”. By Prof. J. 
C©. Kıvyver. 


(Communicated in the meeting of September 28, 1918). 


By means of a characteristie and very general’ method MARrKoFF !) 


oa o r 
transformed the very slowly convergent series &n-? and I’n-3 into 
1 1 


other series, that converge more rapidly, and J. G. van DER CorPUT ”) 
described a special method of transformation applicable to the series 


In-iHl) for larger values of Ah. l propose to deal anew with the 
1 


transformation of these series and to add a few results to those 
previousiy obtained. In order to appreciate the increase of convrergence 
resulting from the transformation, I will consider D’ALEMBERT’S ratio 
for the transformed expansion, which I will eall its index. For the 
series given by MarkorF the index is Jr, and I will show that a 
lower index can be attained. 

In the first place I base my deductions on the properties of the 
funetion 


n=1 
where & denotes a positive integer. In order to uniformise prl2), it 
is convenient to regard the right line (+1,-+ ©) as a cut in the 
complex z-plane, and with this convention we may enunciate the 
following properties of y,(z) in substance deduced by ABkr.: 


9, (z) Se p, (1—2) = — log z log (1—2) 7 5 (2), 
{ 
+ (—)=—hlogtz 4 ailoge + 25(2) 


1 
y9,()—y, ( ) =4log’z— logz log (1—z) + S (2) 
9, (z) ir $, (—2) — 4 P, (2?) 


Obviously in these formulae we have to take real values for log 
and for log(1—2), when z itself is real and between O and 1. 


Ri: 


R— 


!) Comptes rendus, t. 109, p. 934. 
?) These Proc. XIX, p. 489. 
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As in general we have 


d dlogu 
BE) 1 (u) 


it is possible to extend partially the above relations to the function 
p,(2), and indeed it follows that 


1 
29,@)— 9, (=) = — +log’2 + } nilog* z + 25 (2) log, 


z—-1 
f3 ( : )+ p,(1—-2) + Vz (2) — 4 log? Zw } 10g? ” log(1—) er (2) 


+5(@)logz +56), 
A = SL FR Gt 49, (2). 


For k>3 a linear relation between x(2), #.(1—2) and pk >) 
2 


no longer exists, there only remains, besides the relation 


+ In) 


an equation of the form 
1 1 
pr (2) + (1) pr (=) — — (2ni)k gr (3). 


2ani 


where gz(u) denotes the differential coeffiecient of BERNOULLI’S 
polynomial r(u). 

Another expansion valid for all positive and integer values of k 
is the following: 


men It +++ ee 
are tt er) + 


Si" | 
Bw U Eh) 
Here the right line (0,—o) must be considered as a barrier in 
the complex y-plane and log y is real for positive values of y. The 
accent in 2’ denotes that the term with the index n—=k—1 is to 
be exeluded. As for the numerical values that the S-function takes for 
the value zero and for negative integer values of the argument, 


we have 
Bi 
W)—=—4 ‚5-20, sth) =-N} 


' Therefore after a certain stage the coeffieients in the expansion at 
the right hand side of (3) are expressible by BErnouLLT’s numbers 


_ and the radius of convergence of the expansion is evidently 2, 
29* 
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as we might expect since equation (3) may be established 


integrating repeatedly both sides of the equation 


n=o» N © 2n 
—ny (—1)"B, Y 
\ 4 == f \ 
on logy +,3y 4 ul an} 
N n— 


5:0 <y<2m. 


By substituting 2= 4 in the formulae (1) and (2) we find 


9)=—tlog’2 +3,50), 
94)=4#log’2—4L(2)log2 + 468), 
and then, remembering that 


no 


—1)nB, (log 2)? 


loglog2 = —}log2 + %° ( 
m 


In! In 
nl 


we deduce from (3) by taking y = log2 


; log 9 n= © ( — 1jr—1 B, (log2)?"+1 
2)=4lo 242)“ 
oe a ep" u 2m! 2n+1 


(= log’ 2 + 


a1 


log 2, TED, (og2)ent? 
2 u in! ° Mm+2 \ 


The index of these expansions is about Z5 and the error involved 
in neglecting terms beyond the second does not affeet the fifth 


decimal. 


It is possible to connect tlıese expansions with the equation 


= 1)yn—1 DB. 
———-% 
Dan! 


2n 


Co N 
2 2 Pe, 


ni 


and to deduce in this way definite integrals representing (2) and £(3). 
- Thus we arrive in the first place at the well-known formula 


\ 1 
DO EEG 


= 
0 


but we get also the less familiar result 
1 


=) Day SR 4 Bu ae. 


2 
0 N a 


Further, we may prove Evurer’s result 


n=Z=& 


: 
log’(1—5) — 171 Ten 

al Da= \ (Stat 3 +. 
- 5 DES DE 


1 2 au 
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and, finally, we may show that 


1 
= EEE + dk — 
0 


v.# 1 1 1 1 
=#+\ rn): 


n=1? 


Quite other expansions of the quantities &(2) and (3) are obtained 
by substituting in (1) and (2) 
:=4V5—1l)=a. 
As we have 


—] 
l—a=a' and > =—a 
a 


we readily get from (1) 
pl) = — log’a + 35(2) 
1, (a) = — log’a + 35(2) 
and from (2) 
9, (@)= — Hlog' a + +52) loga + 450). 


Now writing —2loga=a, we have 


nr (— 1)" 2: an 


log =, an —, 


nl 


[44 N . 
and substituting y= 5 and also y= a in (3), in order to obtain 


expansions of Y,(a), y,(a?”) and p,(a’), we infer that 


a [® e 5 (—1)"-1 5, (; a 
(2)+:(5) ; Zn! at 


na —_ 11-1 Bı 2n+1 
) x (-1) R 


I nei 


al 


a Tal 1Ip1B, amt? 
ul a ra ie I ne EEE EITENNNN 
0-1} 2 1 2 an! 2n+2 


ni 


The index of the first series representing (2) is about r#, for 


the other two series it is less than „75. 
Again it is possible to convert the series into definite integrals. 


From the power-series in « we find 


450 
TEE I —1og(e + VI+B), 
ü s 
0 


a5 N 
= | zee’@+ vı+2). 
i ) 
If we wish to expand (Ak) for k>3, we must proceed in a 
different manner. We shall use the general identity 


1s(2) + Ys(26) + 1A’) + ..: + Ps (9-1) = 


ps(zr) . (4) 


vw 
Ani 
where » is an integer and 4 =ePr 
Denoting the series 


no MNIT 
Sy 0S 

u —— 

nl ns 


by Um, we get by substituting in (4) 


Pp=3,2—e3 


Veen ze 
1 
2U, 4- ent 
1 
U,-+ er U, 
and hence 
No NIT 1 1 
COS -— 
u=) 1-5 )(1-5)@. 
nl ns 


From equation (3) we deduce by taking k= MY -+1, yzw 


S cos (ee al 1 193 
ERSTEN, Ih! 1 T tt tige) + 


nz 


kreg — ])ry2r . 
+ Sn Fi sh 


n=V 


1—ı[1 I - 


we may conelude to 


D —1)h-1yeı / 1 2 1 
Asnr+ı S (2h DR 
air (ah El) Oh! (- Fatste tler) + 


hence writing 


n—=h—1 
NZ @ 


ve 1jr-1 van 
SC —$(2h + 1- 2n —_]Yh-1 Bi er 
De er wine, 0 


—| 
N n=1l 


IT 
where v now stands for 3° 


By means of this equation $(24 +1) is expressed in terms of 
$(3), 55), . . ., 5(2A—1) and taking successively A—=1,2,3..., we get 
5(3, 505), &7),.... expressed by a linear combination of ne 
the index of which is „£'). 

A slight transformation of (6) is possible. By using 


and by effecting some other reductions, it may be shown that (6) 
can take the form 


Ayrıö@A+1)= ( 


n=h—1 


„2 


Au! 
Be Jen-n. + 


" M2h—D) 
(k—n) (2h + 2n — 1) (— 1jr—1 vi 
h(2h — 1) an! 


4 S(2A +1 —2n) + 


na 
er mw an—1 Bus 


2h (2h—1) (al lan + 2h)! 


=) 


f we put A=1 and h=2, it will be seen that 


(Zn + 4h — 1)vm \ 


3 n=o 


(8) = Yan > or (On + 3yuin+2 


2n -+ 2)! 


nz 


137 
It — vv" — 2 En 
4! — (2n + 4)! 
I will now proceed to show that for each of the quantities (24 + 1) 
there exists a linear combination of expansions with an index less 
than 74. For this purpose I use again the identity (4) and writing 
’ 


[A(2n+3)*(2n +4) —(2n + 7)] 2. 


n= 


[+] 
IT — COSmnw 
w ’ Une > STE JE 


2. nl De 


}) Similar results were deduced by Mr. van DER CoRPUT in the paper quoted. 
However, in the fundamental expansion of the quantity I(n,a) on p. 1464 by a 
slight inadvertence the factor 2?k has been omitted in the general term, hence 
in all the subsequent expansions the general term should be multiplied by 22* 
and the index of the series on p. 1470 is 5% and not -4;- 
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I make in (4) the substitutions 


=, Reader, 
ve s 2 — etw 
le ze 
These substitutions give the four equations 
1 
D, ir De nr 9s—1 UO,;, 
alu 
J 
U,0,4+ Te UPPR 


1 
Dal 1 am er 


and eliminating U, U, U,, we get 


= et Ihe 1 1 
(4 — al = a)! er (1 = za)? > lt + a) - 
-2(145) 5 - 2(i+z a) =. 


Now, taking s=2h +1, we may expand U,U,U,U, by 
applying equation (5) and we will get U, = &(2h + 1) expressed in 
terms of the quantities £(3), &(5),.. ,&(2%—1) and of four power- 
series in , the indices of which are respectively +40, s45, 14; z#r- 
Since the formulae become somewhat complicated, I will consider 
only the simplest case A=1. Then we have 


336 (3) = — 900 U, + 225 U, + 800 0, + 900 U, 
and hence 
689 &(3) — 4501°(36-24 log 33 10g2-810g9)-000 5° _ Zr tr? 
une og - 33 10g 2-8 10g3)-900 
= 2 Bu > en n+2)!'. 2n 
1.995 > BD; (au a —=o® B, But? 
2n +2)! an ur (2n+2)! 2n 


no 


2 BD, ‚(4u) u 
900 et 
“ Lars (n+2)! 2n 


I will end with remarking that the caleulation of the sum of 
the series 


1 ? 1 

zn zn zen 

may be conducted along similar lines. Equation w) gives, if we take 
k=2h,y= iu, 


1 
N (2h) er w— 


un 


sinnw _ (11 uh-1/1 1 1 h 
2, ae (2h—1)/ € sur rt 3 ++ lee) + 
hut 
’2 @R+1)! a ee 


and it is possible to-express (24) by means of series of the form 
"= ® sinnw : | 
mir. 


Indeed, putting 


Nn=o@ nn 
rn 
Vn — %° 2 and vw== — 
3 
n—1 ns 


wanna, iz er, 

iv 

Des: ze, 
Ve 
5 . Os—1 2’ 
VI ı s 


whence 


l 1 
V, (' + )>: Ye ah 
Now, taking s—=2h, we have V,—=n(2h), and expressing V, 
and V, by means of equation (7), we get an expansion for n(2h). 
In the simplest case h=1, I find in this way 


nn 


De (i 4208 -) +3 DE 2m (= ı) 


a1 


(3) 


Again the index of the series is „5 and the value of n(2) is found 
to five decimals by taking into account only the first two terms of 


the expansion. 


2rı 
h ) 
Mathematics. — “Ueber die Teilkörper des Kreiskörpers K & ) 
(Erster Teil). By Dr. N. G. W. H. Besser. (Communicated 
by Prof. W. Karrern). 


(Communicated in the meeting of September 28, 1918). 


Der Zweck des vorliegenden Aufsatzes ist die Untersuchung aller 
2ri 
Teilkörper des Kreiskörpers A r) (! eine ungerade Primzahl), und 
namentlich die Bestimmung ihrer Klassenanzahlen. Ich benütze dabei 
die Definitionen und Notationen des Hır.serr’schen “Bericht über die 
Theorie der algebraischen Zahlkörper” ?). 


Kummer giebt, obne Ableitung, die Formel für die Klassenanzahl 
2ri 


aller Teilkörper des Kreiskörpers xl) ’) (! prim). 
2m 
Die Klassenanzahlen aller Teilkörper des Kreiskörpers Br = 
sind bis jetzt noch nicht berechnet worden; und weil im allgemeinen 
die ganze Ableitung der endgültigen Ausdrücke der Klassenanzahl 


- 2ri 
nur publieirt ist für den Kreiskörper xd.r) selbst, so gebe ich hier 
die ganze Herleitung meiner Formeln. 


$ 1. Einige Bemerkungen über den Körper K & Ö ) 


Dieser Körper, den ich weiter andeute durch K(Z), ist ein eyeli- 
scher Körper’). Es sei r eine primitive Wurzel von !" und es sei 
s die Substitution (Z: Z’), so wird die Substitutionsgruppe des Kör- 
pers vorgestelt durch 


Die Primzahl 7 ist im Körper die /A=1(/--1)-te Potenz ns Prim- 
ideals £: 


h—1 
es U () 


h—1 

| ee 

') Jahresb. d. D. M. V. Band IV. Im folgenden angedeutet durch die Buchstabe H. 
2) Orelle Journ. Band 40. 


3) H. Satz 128. 
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€ ist ein Hauptideal ersten Grades. ') 

Satz 1. 

Die Zerlegungsgruppe des Primideals £ ist die ganze Gruppe (1). 
Ebenso die Trägheitsgruppe. Die Verzweigungsgruppe ist 


EV ae 
Die einmal-überstrichene Verzweigungsgruppe ist 


si), EU),..,.. 
Die h-mal überstrichene Verzweigungsgruppe ist 


Be 


und besteht also nur aus der identischen Substitution ?). 

Beweis: Die Zerlegungsgruppe eines Primideals besteht aus allen 
Substitutionen die das Primideal ungeändert lassen. Nun gilt für 
jede Substitution der Gruppe (1): 


ers (l—-Z) = (I<27)=8 

Hiermit ist der erste Teil des Satzes bewiesen. 

Die Trägheitsgruppe eines Primideals besteht aus allen Substituti- 
onen der Zerlegungsgruppe für welche, für alle ganzen Zahlen #2 
des Körpers: 

ES 172 2 ee) 

Jede ganze Zahl 2 des Körpers hat die Form 

2=a+aZ+a2+....+ 0-21 
won = !-1(l-1). 

Es wird also notwendig 

s0Z = Z (mod &) 

Es ist aber 


se Zz—Z = Z(Z""1-1)=0 (mod $) 
Hiermit ist der zweite Teil des Salzes bewiesen. | 
Der Grad der Verzweigungsgruppe ist eine Potenz von /, es sei 
! und 
Nor —h--rl-1) 
Tv 
musz ein Teiler sein von --1 weil der Grad f von ! gleich eins 
ist’). Also ist 6=h—1, und 


1).H. Satz 120. | 
%) Dieser Satz ist Satz 129 von HıLserr ; enthält aber bei HiLBERT einen FEHLER. 


3), H. Satz 71. 


Nun musz noch gezeigt werden, dasz für jede ganze Zahl 2 des 
Körpers 
Bi) 2 = 2 (mod °). 
Hieraus geht hervor: 
sit) Z= Z (mod ®) 
Es ist rÜD)=1] (mod !). Wir können daher setzen d#—1+tvl 
und est is also 


A en er ne 


— ZI y(zHt N)... ZH). 22208) 

Hieraus geht hervor 

h bill) Z-Z= 0 (mod Kl) 
weil jeder Factor rechter Hand von (3) teilbar ist durch (1 — Z)—R. 
Hiermit ist der Satz der Verzweigungsgruppe bewiesen. 

Wenn wir die einmal überstrichene Verzweigungsgruppe bestimmen 
wollen, müssen wir den gröszten Exponenten Z von & bestimmen 
für welchen für jede Substitution der Verzweigungsgruppe gilt: 

sl) 2 — 2 (mod EL) ‘) 
Hieraus ergibt sich | 
sb) Z-Z = 0 (mod kL),. 
und es sei re) — 1-4 »l 

Weil für die Zahlen 5=1,2,..../*-1 nicht alle Zahlen » durch 
! teilbar sind, kann nicht für jede Zahl 5 das Product aus (3) noch 
weiter zerlegt werden. Hieraus folgt 

Izet, 

Nur wenn v=( (mod I) ist, so kann Jeder Factor aus (3) wiederum 
in /-Factoren zerlegt werden. Für diese Werte von 5 ist also 
L=1?. Die einmal überstrichene Verzweigungsgruppe ist also: 


h—2 : 
si), sall-i),, ee Th Kl--1) 


und 
vr — Ih-2 


Die zweimal überstriehene Verzweigungsgruppe ist 


2 n— 
sun), u), ,,,A3Buy 


und 


<|| 


HE AL 
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Wenn man auf diese Weise das Product rechter Hand von (3) 
weiter zerlegt, so findet man den weiteren Beweis des Satzes. 
Satz 2. 
Ist P ein von & verschiedenes Primideal von Ä(Z), dann ist die 
Zerlegungsgruppe. 
- Be de 
wenn / der Grad des Primideals ist, und ef = !!1 (1). 
Die Trägheitsgruppe besteht nur aus der identischen Substitution '). 
Beweis: Es sei p die rationale Primzahl, die durch W teilbar ist. 
In K(Z) gilt: 
2 =Yy, ®,- as Pe B} 
wo %;, e verschiedene Primideale sind. Es ist also W eins dieser. 
Hieraus geht hervor, dass es e und nicht mehr als e Substitutionen 
giebt die das Ideal Yin ein anderes überführen. Die Zerlegungsgruppe 
besteht also aus / Snbstitutionen. Daher ist es die im Theorem ange- 
gebene Gruppe. 
Es sei nun s“ eine Substitution der Trägheitsgruppe, so musz 
für alle ganzen Zahlen 2 von K(Z): 
se 2 — 2 (mod Y), 
also 
see Z= Z (mod). 
Es ist aber 


ae 
Y 


#22 —= 2" _Z—= Zi(Z-1) 


Z—l 

Diese Zahl ist nicht teilbar durch P, es sei denn dasz «= ist; 
denn 1—Z:= und der Bruch ist eine Einheit’). Die Trägheits- 
gruppe besteht also nur aus der identischen Substitution. 


$ 2. Die Teilkörper von K(Z). 


Es ist X ein eyelischer Körper. Daher ist jede Untergruppe auch 
cyclisch und jeder Unterkörper ein cyelischer Körper. Ohne Ein- 
schränkung der Allgemeinheit können wir uns beschränken auf die 
Untersuchung Primärer Teilkörper ') das sind solche, die nicht zugleich 
Teilkörper sind eines Kreiskörpers niedrigeren Grades. 

Es sei 

sa 3a,....ba db=l-1l—|) 


1) H. Satz 129. 

2) H. Satz 122. 

3), H. Beweis des Satzes. 120. 

4) WeBer, Algebra II pag. 77 etc. (2te Auflage). 
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eine Untergruppe von (1). Diese ist primär, und nur dann, wenn 
keine der Zahlen 

r4, r2a, De yrba 
der Einheit congruent ist (mod). Und dies ist dann und nur 
dann der Fall, wenn «a teilbar ist durch /*1. Jede primäre Unter- 


gruppe hat also die Form 
u at bl N 


Den Teilkörper, der zu dieser Gruppe gehört, stelle ich weiter 


vor durch %. 
Der Grad der Körpers ist alt. 


n=Z" + Di +....+ Zr er Mia 

ist eine den Körper bestimmende Zahl'). 

Die Substitutionen des Teilkörpers k sind 

er N. 

Satz 3. Zerlegungssatz. 

Ist p eine von / verschiedene rationale Primzahl und /der kleinste 
positive Exponent, für welchen pf=1 (mod Ir) ausfällt, und wird 
ef = !1(I—1) gesetzt, so findet in k& die Zerlegung 


P=PiPsrr. Pe 


® 
. . ” ” v 
statt, wo v; von einander verschiedene Primideale —-ten Gradesin 
e 


k sind. v ist das kleinste gemeinsame Vielfache von e und ce. 
Beweis: Es sei P ein in » aufgehendes Primideal des Körpers 
K(Z). Die Substitutionen, „welche die Zerlegungsgruppe von ® ge- 
meinsam haben mit der Untergruppe (4), sind 
30, BU, ame fi Be a ee (5) 
Diese Substitutionen musz man multiplieiren mit den Substitutionen 
der Gruppe 


s°, in 18% 


um die ganze Untergruppe (4) zu bekommen. 

Die letzte Substitutionen gehören also nicht zu der Zerlegungs- 
gruppe. 

Die Zahlen, welche des Ideal 9 und der Körper k gemeinsam 
haben, bilden ein Ideal ». Nehmen wir an, es sei pink kein Primi- 
deal, und in kalso y=j4.r. Es wäre also in kp teilbar durch 9, 
und in X würde also P& = 16.r6 wenn © das Ideal aller ganzen 


') WEBER, pag. 85. 
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Zahlen von X ist. Während aber »& durch $ teilbar ist, SO musz 
6 teilbar sein durch 9. Also würde in ky teilbar sein durch y. 
Hieraus würde sich ergeben y=4, also r—=® und dies ist nicht 
angenommen. Also ist p in k ein Primideal. 

Nun ist %©, auszer durch 9, auch teilbar durch die Primideale 

sc Y, g2c D, ER (6) 

Diese sind alle von einander verschieden, weil keine der Substi- 
tutionen zu der Zerlegungsgruppe gehört. P& ist also teilbar durch 
ihr Product. Wir werden nun zeigen, dasz » durch kein anderes 
Primideal W teilbar ist. Nehmen wir an, dasz dies wohl der Fall 
sei. Es besteht eine Zahl A von X, die teilbar ist durch das Produet 
II der Ideale (6) aber nicht durch 9: 

A==,17%), 
Es wäre dann 
"Az=sII.scQd) oder 
ssA=TD.shH 

Es sei n, die relativ-Norm in Beziehung zu &: 

nÄA)—.D® nid) 

Das erste Glied ist eine Zahl von %, die teilbar ist durch 9, und 
also auch durch p. Das zweite Glied ist aber nicht teilbar durch Y 
und kann also auch nicht durch p teilbar sein. Dies ist unmöglich. 
Hieraus geht hervor, dasz » durch kein anderes Primideal V’ teilbar ist. 

Das Primideal y kann weiter nicht teilbar sein durch das Quadrat 
eines der Primideale (6), denn in diesem Falle würde p in ÄX auch 
durch ein Quadrat teilbar sein und das ist nicht der Fall. Hiermit 
ist der erste Zeil des Satzes bewiesen. 

Um auch den Grad der Primideale zu bestimmen, bemerke man, 
dasz aus 

We serl). s2c 2) Kr cn) folgt: 
a 2 
N6OÖ)=NWM:=p° ) 
Es ist aber Np®)=n(p)?, wenn n die Norm in & vorstellt. 


Hieraus ergibt sich 
fo 
np = p° 
er 
MP" —p*. 


Satz 4. Zerlegungssatz. 
Die Primzahl / gestattet in & die Zerlegung 


1) H. Satz. 122. 
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Le 
wo 1—=(1—Z)’s ein Primideal ersten Grades in % ist. 
Beweis: 
Wir wissen, dasz in X 


je a 


wo 8 ein Primideal ersten Grades ist: 
?—=(1—-Z) ©. 
Die Zahlen welche &und A gemeinsam haben bilden ein Primideal 1. 


Man kann dies auf gleicher Weise beweisen wie im Satz 3. Weiter 
sind alle Zahlen von & die in %& liegen, teilbar durch 


{1 = Zp a2 Aeer sbe(1—Z) 
also durch (1—Z)?. Hieraus ergibt sich 
I=(1-Z6 = % 


und weil 
e Be Tun 
ae wo I=(1—-Z)%. 
Bestimmung der Diseriminante des Körpers 4. 
Satz 5. 


Die Diseriminante des Körpers ist 


PA ae 
Sa b 


Beweis: 
Wir benützen die Beziehungen: 
D= dön(d,)') 
= N,D,)°') 
N 
wo D die Disceriminante von K ist, d die von %k und d, die 
relativ-Disceriminante. 
Das Element 


Gv— zz"), ZEN ze ey _ zb aa, 


Weil D eine Potenz von / ist, *) kann die Relativ-Diseriminante d- 
nur teilbar sein durch I und die Relativ-Differente D- nur durch 8, 
also auch €@ nur durch &. Aus der Form des Elementes €@ folgt, 


- 1) H. Satz 89. 
2) H. Satz 38. 
®) H. pag. 205. 
UBS Satz2121, 
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dasz alle ihre Zahlen teilbar sind durch 8 und dasz sie nicht alle 
teilbar sind durch ®°, also 

ek 
en eund dl 
nd.) + Tat 5 Sy ddl —1 
Hieraus folgt der Satz. 


$ 3. Die Klassenanzahl des Teilkörpers k. 


Satz 6. 
Wenn die Zahl 5 gerade ist, und der Teilkörper also reell ist, se 


hat man für die Klassenanzahl des Teilkörpers den Ausdruck: 


JAN 
h=— 
R 
wo 
| log &, RER log &.—1 
DI ne-3 log €, log Euren: log &. 
ı ER &c—1 log Eee ee log E20—3 
ce alk-1 


ge r (b—1)c 
\ — Ir an I ze) 
Br & = 
9 (de SE = ER d=zr 1-H—1) ) 


R ist der 
Wenn der DE Grad 5 ungerade ist, wenn also der Teilkörper 


imaginär ist, i 
2ruti 
OBER RR En ae re ren) 


a! 
ee fac—1 ]!lehe BR 


wo das Product über alle ungerade Werte u. <[c laüft 
log&, ...+10g Eic-1 


log € 
IE log elae 


log €, log €, 
A= (—1)ike Ne a er 


log ey,e—ı log Eiye .+ +: log &c—3 


1 Zi zer”) RER (1 ee, 
En Use —14+{20—1)Y/ge 
‘ ee Bun... ) 
30 
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bog rı log 9, lognYgc—1 
log n) log 3) log u, A 
I 
log nthe -2) log n\ ae—2) log Ya 
N» Ma... Ist ein System fundamentaler Einheiten und n\R sind 


ihre Conjugierten 
Beweis: Um diesen Satz zu beweisen, benützen wir den für alle 
Körper giltigen Ausdruck 


weh, yalı -5) » a) 
Fön Er N od rer © 


und wir beweisen zuerst den Hülfssatz: 


1 p bu 
a )= [2] Port... @ 


Das Produet linker Hand ist zu erstrecken über alle verschiedenen 
Primideale, welche in der Primzahl p enthalten sind; das Product 
rechter Hand über alle Zahlen der Reihe 

a 


Beweis: Das Symbol 1%] ’) wird definirt durch dıe Gleichung 


a i 


[%]= „ni la) 


wo p’ der kleinste Exponent ist, für welchen r”” = p(modih) ausfällt; 
r ist eine Primitivzahl nach /%. Es möge d der gröszte gemeinsame 
Teiler von p’ und /=1(/—1) sein, dann folgt aus der letzten Con- 
gruenz, dasz 


„cn ni le 
v di... =p 4 
oder 
CN 
1 =) d 
IR] 


Hieraus ergibt sich, dasz 


ein kleinste Exponent ist, für 


welchen die Potenz von » der Einheit congruent ist. Daher ist 


I— ar 


1) H. Satz 56 en $ 27. 
2, H. 8 116. 
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und 
00 0; 
Das Symbol ist also. eine /-te und nicht eine niedere Einheits- 


2 


ee 
wurzel. Folglich ist B ein —-te und nicht eine niedere Einheits- 
I 


wurzel, wenn g der gröszte gemeinsame Teiler ist von / und d; g 
ist also der gröszte gemeinsame Teiler von 
ER TRRR | Bl) 
N En Enter 
Es sei qg eine Primzahl, die bis zur m-ten Potenz in -1(/—1) 
aufgeht, in e bis zur n-ten Potenz und in alt=! bis zur n’-ten 
Potenz. Sie geht dann in / und 5 bis zur (m—n)-ten, resp. zur (m—n’)-ten 
Potenz auf. Hieraus folgt, dasz q in g aufgeht in einer Potenz deren, 
Exponent der kleinsten der beiden Zahlen m—n und m—n’ gleich 
ist. Weil dies für alle Primzahlen g gilt, ist 


11) 
IT Heine gemeinsame Vielfache von e und alk—-1 
R—1(l-1) i 2» 
also 9 = ——, Wir haben daher gefunden dasz mens 
2 
fv v Er Ä i 3 

| — — —.te Einheitswurzel ist und keine niedere. 
n1(d—1) € 


Fassen wir nun das Product rechter Hand aus (2). ins Auge. Weil 


& ö («++) AN BE 
Ih er. 
v ealk—! 


so folgt hieraus, dasz jede “te Einheitswurzel alt: _ — 
e € 


® 


v 


e 


Mal in dem Producte auftritt, und da 
u 
II 


2 1 ee 
m v=| el—p *.? 
ui F 


wird das Produet rechter Hand von (2) dem Ausdrucke 


ce 


v \v 
——5 
1% : ) 
gleich sein. Hieraus ergibt sich der Hülfssatz, wenn man sich des 


Satzes 3 $ 2 bedient. 
Aus (1) folgt nun: 


1 1 bu 
k=— lim (1) — IM — 2 | 
Den l 


% sl al 
n(l)s 
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wo die Produete sich erstrecken über alle früher genannten Werte von 
ı« und über alle Primzahlen p, mit Ausnahme von ); 
Auf Grund des Satzes 4 ist n() =! und es ist also 


eu 1 
—=— lim (—l) D—— II 


1 
% sl p 1-—p: p u pP du 4. 
ı- [2] >” 


Das erste Product erstreckt sich über alle Primzahlen p, wie auch 
das zweite; denn wiewohl der Wert »—=/ zuerst ausgeschlossen 
ar, darf man den Factor 


l ]du / 
1— 4 für u eV 


hinzufügen, weil er den Wert 1 besitzt. 

Das dritte Product erstreckt sich über die angegebenen Werte 
van u, wobei aber der Accent angibt, dasz u=() jetzt ausgeschlossen 
ist. Wir wissen, dasz 


1 
lm (—l) U—— —=]1 
Ss a 


und wir finden schlieszlich 


1 
h= — lm DI n 
Ras pe PA” 
1 —_— 4 P° 


Es werden nun die zwei Produetzeichen verwechselt: 


und wir entwickelen jeden Factor in eine DiricHnLer’sche Reihe 
naar 
un [iR n® 
In dieser Reihe setzen wir das Integral ein: 


1 1 
ee ee 


ns Ts) ) 


& 


> Arz 1 ® bu 

[lt] T vos ; - [5| = 
n n' 

Nun ist 4 == H wenn n==n' (mod Ih) 


also 
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\ I n bu 
e > _nd 
& [n ]du 1-1 ar IR © 
Een Zar +... = 
At Ih mel 


h 
n=+1 l-—e-!x 
Wir haben daher zu betrachten 


Weil 


h_ı bu 
>2 :| =), 
nl Ih = 


n=1 


R_ı bu F : 
Es sei = 2 # ir. Das zu betrachtende Integral wird jetz 


Die Integration lässt sich durchführen nach Verteiling in rationale 
Brüche: 


2krı 1 } 
I 1 er t 
up ee *)f DE, 
k=1 = 
MT, 
und nach der Integration ergibt sich: 
kri kri 
Lkr a, 
ıltaı [= na, 
EU FNe ) log + 
A| 


(4) 


